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STRUCTURE OF LARGE ATR SHOWERS AT DEPTH 834 G CM °

APPLICATIONS
John Linsley

Department of Physics and Astronony, University of New Lexico
Albuguercue, New lexico 87131, U.S.A.

Tt igs shovm how results presented in the two preceding papers can
be enplied to current problems in the study of cosmic rays. :
fnvlied to determination of the air shower size spectrum, they pro-
vide & means of improving the accuracy of existing resulis by eli-
minating the principel source of systematic error. Applied o the
cucstion of rrimary composition, they provide new information con-
cerning the nature and mognitude of fluctuations. -

1. Introduction. The following topics will be dealt with: size spectra

alove 1Ol7ev fron Volcano Rarch, Yakutsk and Chacaltaya, dispersion of size
;1L respect to field parameters such aS'AESOO’ the 'elongation rate (ER)

theorem', application to? -fluctuations, application to &-fluctuations,
comperison with other structure parameters, and future prospect. The termi-
nolosv is the same as in the preceding two papers, which will he referred to
as (I) oand (II).

2. Size spectra above 10 leV. VOLCANO RANCH. The new results supplyJiﬁ;

formation about inner structure that previously was lacking. Hence, the new
size values that will be calculated for events registered in 1959—63'wi11 be
o ~ood deal less uncertain than tke old ones. However, the new result - 'on

outer structure disagrees with the old result at both ends of the size range

5.107 to 5.1010. The effect on a size spectrum of revising the outer struc-
ture is complex, since it involves recalculating acceptance areas as well as
individual size values. Furthermore, the &ifferences between mew and old
values of (7)) are outside the statistical errors. Hence, one or both of the
neasurements is affected by errors of a systematic nature. The old one is
more likely to be at fault, since it implies a variation of {”) with size
that is unacceptably rapid, according to a theoretical argument given below.
llevertheless, the question of systematic errors in both methods will have to
be investigated before a final conclusion can be reached.

Tre new value of (d.) and the new formula for (77) rive size values that

cre the same as before near 2.109. Near 5.107 they give values that are

about 25% larger; near 1010,,ab0ut 254, smaller. By a crude method of esti-

mation, the new values would give an average integral spectrum exponent

equal to 1.9 for the interval 5.107<'N121010, as compared to l.T (upper

linit 2.,0) reported previously (Linsley 19632).

| The largest shower recorded at Volcano Ranch was fortunate in that t@e
distance from its axis to the nearest detector was only ~420m. Considering
the lack of knowledge of inner structure at the time, and the experimental ~
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uncertainty in outer structure, 1its size was ~iven as 5.10 Y, "almost r.ere

tainly within a Tactor of two" (Linsley 1963b). The recolculated s1ze,

: : 10 Co
using the average values of 7) and & given here, is 3.0.107 7. 'aking into

account the instrumental correction factor 1l.106 renorted at the Denver Con-—

: 0
ference, the best value 1s now 4.5.10l .

YAKUTSK. In this case the classification parancter is narticle density
at 600m (except for small showers registered in the central portion of the
array, which are treated separately). The interpolation formula is mauation
1 of {I), with@=1 and 9 determined empirically (Diminstein et al 1975). As
I remarked in (I), there is very good agreement between that result and the
one given here, when one compares showers that have travelled through the
same thickness of atmosphere. Therefore, the present result for {7) does

not suggest any change in the Yakutsk1ﬁgoo spectrum. The »nresent result for
() does, however, affect the conversion from A6OO to averarse size (particle

number). Size values derived on the assunption &=1 should be multinlied by
a correction factor approximately ecual to 1.45. The correction factor is

almost independent of the characteristic distance (if DR ), the density at
that distance, or the zenith angle. | 0 '

CHACALTAYA. Récent results (Aruirre et al 1977a) on the size spectrun

at this very high elevation (550 £ cm_z) are inconsistent vuith earlier re-
sults at the same location (Bradt et =zl 1965). They are also inconsistent
with many results obtained at lower elevations, combined with evicdence con-
cerning the rate of size attenuation. It seems clear trhat the discrenancy
1s closely related to a difference bpetween the internolation formula that is
being used in this instance (Acuirre et al 1977b) and other representations
of lateral structure. Since the formulas in cuestion are cmpirical, any
significant difference between them is to be blarmed on systematlc errors of

some sort.

To compare my present result with the most recent formulsa civen by the
BASJE group I will use the notion of 'effective s' described ir (I). The
following formula is equivalent to Ecuation 1 of Leuirre et cl (19770):

Sepp = 8 + 2(1+x)/(1+422) (141/0,%°) 0.1<x<3. (1)

where s=,660-.105 loglo(Ne/107)+.125(5900-1) ané C,=.100+.125(scchd-1).

2
(For simplicity I have omitted the second correction factor, after determin~

ing that it is unimnortant in thre present context.) The comparison is made
in Table 1.

3. _Size Dispersion. Using histocrams of ) and &, an ~ssumption regarding
their correlation, and the structure forrmula, one can compute the distribu—
tion of 'true' size for fixed varticle density at a given radizl distance.
It is expected, as many authors have pointed out, that particle density at
distances of order 5 to 10 lMoliere units will fluctuate relatively little
Wwith respect to primary energy. Illence the result of such a conputation 1is
essentially the size distribution for fixed vrimory enersy. I have obtaired
results of this kind in two interesting coses, assumirg thot Y ond & Tfluctu-
~te indenendently. Both results are for H-ulOS. One is for R:60Qm, depth
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1able le. Averare effective s vs distance, for vertical chouvers ov 5 cleva-
e ————————————_—— . " - e = s . A :
tions. Vaoluee in col. A arc gfiven by . 13 thoge in col. 2, by
the nresent worl, Ic. o of (I). In extrapolating the prescnt re-

sult to the elevation of Chacaltaya, I used 95 confidence limitz Ior coci-

O
ficients 2 and 04 deseribing depth dependence. =10" (5.10T or s.l.)

#W'*

winrwreipey walvey  wmilge =i eelils oy ol A~

i el e s s i -l i Sl el Pl LTI R T T e —
=

x=R/RO 550 gcmm2 o3 g GT_2 1020 £ t::mm2
A B A | B A B
0.1 0.56 »0.72 0.62 0.54+.03 0«69 0.06+.03
03 0.57 »0.83 ~  0.64 . 0.96 " 0.71 0.99g "
1. 0.65 »0.9C ' 0.81 1.12 " 0.06 1.18
3. 1.10  »1.08 130 l.23 M 1.48 1.21 "

MM

1020 g cm_?' the other for R=530m, depth 834_§.cmm2. The size distributions

7
prove to be approximately log-normal, with stondard cCeviations correcihoncing
to a factor 1.9 in the first case and le6 in thie second. This amount of
fluctuation is somevhat srecater than has vpeen predicted (for proton-
initiated showers!) by the use of models (DeBeer et al 1968, Hillas et &l
1971). The result underscores the importance of correctly evaluating selec-
tion effects in case of arrays that are 'closely pacled', as discussed by

Diminstein et al (1976).

4., The Elongation-Rate Theorem. The term 'elongation' denotes the increase

in atmospheric cepth of maximum development that results from increased pri-
mary energy, for showers of a given type. DBy extension, it refers zlso to
the corresponding increase in depth at which showers attain a given 'age'.
Here 'type'! refers to the nature (nass number A) of the primary particle.
'Elongation rate' denotes .he derivative d(Kmax)/d(ln Eo)’ where Xmax is

depth of maximum development of an average shower ol energy Eo' The elonga-

tion-rate (KR) theorem sﬁaies that the elonmation rate i1s bounded above bg

KO, and is very nearly equal toigl-B}XO, yThere KO is the characteristic

length of cascade theory, ecual by definition o 3T & cm”2 in air, and B
is the exponent of E in the formula for pion multiplicity (more generally,

the logarithmic derivative of multiplicity with respect to energy).

The ER theorem agrees satisfactorily with numerical results for all
models that are in current use (Wdowczyk and ilolfendale 1973, Dixon et al
1973, Capdevielle et al 1975). It follows from the fact that in those
models the locations (depths) of all energetically significant nuclear
interactions are essentiplly'energy indevendent.” Therefore, the almost
exclusive cause of elongation is the increase in energy of the neutral vnion
decay-photons, which elongates the individual electromagnetic cascades
according to the well known formula of cascade theory. If pion multiplicity
were energy independent, then the decay-photon energles would all be pro-
portional to E and the elongation rate would be XO. In case of energy
dependent multgplicity, one requires azn additional fact, thav elongation of
the shower as a whole is dominated by neutral pions produced in 'leading

interactions' (interactions by the surviving nucleon or nucleons).
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I find this theorem to be very useful, both for interpreting experimen-
;al results and for estimating properties of showers so large that they are
sonsequently rare. The utility comes from a relation between depth depend-
ence and energy dependence in which the elongation rate plays a key role.
Let P represent the average value of some shower parameter. I will assume
that P does not depend explicitly on primary energy, and that it belongs to
one of the following types, or is intermediate between them, Type 1l: depih

dependence of the form f(X/Xmax). Then

2F L (elon oF |
= - g. rate) &=— (2a)
21n EJI X o o X ’Eo .

'

In cascade theory, the age parameter 's' is of Type 1l and conforms to Equa-
tion 2a. Type 23 depth dependence of the form f (X-xma.x)' Then |

-&-—lx = - (eliong. rate) g_;_lE (2b)

21ln Eo

Depth dependence similar to Type 2 is predicted, for X) Xma.x’ by shower

models in which nucleon-nucleus interactions are appreciably inelastic.
Equation 2 (a or'b) applies to showers of a single type, or to mixed pri-
maries with constant or slowly varying composition, -

5. _Application to M -Fluctuations. To prepare for use of Equation 2, I
first transform from the variable N to Eo(N b, X) with the following result:

47> 91 Nl 2$n)
PIn E_|X © Py l":’510‘991111L E1X* 79X

2

"
o

where x1=834 g cm  and bl, b2 are the coefficients in Equation 3 of (I).
Using values 1.1 and (-1/300)g ‘em” for Qin N/J1n E_|X and Q1n 1/Dx|E

respectively, I find that 9(¥)/dln E_|X = 0.032+.014, 2andQ(N)/2x|E_ =
-(8.611.0).10_4gr10m2. Substituting those values in Eguation 2z, I obtain
elongation rate = (Xmax/X)(3Zil7)g cm-z, a result which is in reasonable

accord with the LR theorem, although the error is too great to permit draw-
ing a conclusion about the multiplicity index B, The same corment would
apply if I had used Equation 2b.

In contrast to that result, the same analysis applied to the formula
for (1]) that I reported at the Jaipur Conference (Linsley 1963a, Fg. 2)
gives the discordant result ER~100 ¢ cm~2, Of the two coef{ficients bl and
52 1t seems certain that b2 is at fault. From an experimentalist's point of
view that is not surprising, since measurements of energy (size) dependence
are knovn to be more susceptible to methodological bias. The same difficulty
occurs in case of the fornula for s given by Aguirre et al (1977v), Eo. 1
above. That formula implies ER~200 g ocm—<2, |

- 1f shovers of a given tyve did not fluctucte, tre probabllity distribu-
”Pwn for ¥ would consist of discrete lines belonging to the various A-vafues
1n the primary mass spectrum. Using the vrinciple that supernosition is
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vol o ToT. averases (Tomaszex-:slzi and Wdoweczyle 1975), the separation of ‘},—-
l1incn wwould be ~iven by the following expression:
(1n A.- 1n‘AJ.)2(’1)/aln B |X (4)

weon for the worst-case assumpntion that the primaries are an equal mixture
ol »rotons and PFe nuclei, the breadth due to line separdtion is only about
y.06, ruch less than the observed breadth of the W-distributions given in
(11). ence the observed brcadth can be regarded as entirely due to 'in-
trinoic!' fluctuations arising from stochastic variations in the location and
chrrocter of the leadings interactions.

There is a simple well-lmnowm fluctuation model in which the only random
vorichle is the depth of the initial interaction. According to that model,
Y-deviations would be ecual to (b /K ) times the corresponding deviations

in X. . The breadth of the17—dlstribution would be eaqual to the same

12itial’
racltor times the primary mean free path, and would not depend on depth (over
the ronse described by bl)- Clearly that is not the case. The value of
UbKW/bl is much too larpe (225 g em—2 at XaX.), and it increases with in-
ircreading denth, as shown by Fipgure 2 of (IIJ. This indicates that in real
sl.overs the fluctuations in outer structure result from numerous contribu-
tions, come of which involve nuclear interactions that occur deep in the
~trosnhere (as deep, say, as Xm ).

G Application to X-Fluctuations. Bven stronger evidence that fluctua-
tione ore not confined to the early stages of development 1s afforded by the
result for ¢. According to the simnle model described above, a parameter
1i-e &, vhose average value has hardly any depth dependence, would show very
little fluctuation, contrary to what is observed. The actual behavior of &,
and the different behavior of & and 7, can be understood if inner structure
i strongly affected by leading interactions in the~s100 g om'2fthiCk layer
of atmosphere just above ground level, vhereas outer structure is determined
b:r the zccumulated effect of the leading interactions above that layer. It
onnears, however, that in order to account for -fluctuations as large as
trose observed, the number of leading nucleons that reach ground level must
be onnll, of order unity.

QX

| Commarison with Other Parameters. Results on the parameter 5 obtained
ot Leeds by the study of pulse profiles have been analyzed along similar
lincs (Darrett et al 1977). The average value varies with depth and energy
in o nanner consistent with the ER theorem (provided that the energy coeffi-
cient error estimate is not insisted upon). However, the 'characteristic

len~th' analogous to 0"’){1/ 'b1 above has a much smaller value, ~380 g om—a.

Another parameter studied at Leeds, called B(100), resembles ” in terms of
tle overctions used to measure it (Lapikens et al 1977). However, the char-
ceteristic length derived from fluctuation and depth dependence is also a
sood deal smaller (4100 g cm—2). Of course, this 'disagreement' casts no
coubt vhatever on any of the measurements. It simply indicates that each of
the parameters hos something different to tell us.

All of these parameters, and some others I have not mentioned, presum-
20ly share the nroperty of having no explicit energy dependence. In such
coses the line separations describing mixed composition can be estimated
Coing Louation 4 above. In case of %, the breadth due to line separation
vinated thus would be approximately equal to the observed breadth, for an
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‘equal mixture of protons and e nuclel (and hence the resultant breadin
qould be about l.4 times the observed breadth).

Another important class of shower parameters have explicit cnergy
dependence, namely those that involve muon size or muon density. For such
pareameters, the total energy coefficient ecuals the term given by Bauation 2
plus a term wvhich typically is as great or greater than the first in nmagmil-
tude. Thus, in cases vhere the intrinsic line breadth 1is small, the H-Ie
line separation may be several times the intrinsic breadth, and it should be
feasible to detect a rather small proportion of Fe nuclei (a10%) in a pri-
mary beam consisting mainly of protons, or vice-versa (Linsley and Scarsi

1962).

8. muture Prosvect. Evidence seems to be building that a large proportion
90% ?) of primary cosmic rays above 1017ev are protons. However, the need
is not for such guesses but for detailed theoretical work that will unify
many new resulis by many authors. llodels should be used which corrcctly
nredict the average characteristics of showers, to the full extent they are
novn. In the calculation of fluctuations the recommendations by Tomaszewsicl
and Wdowczyk (1975) should be followed for showers initiated by heavy nuclei.
Fluctuation calculations should not be limited to a single parameter at a
single level, but should explore the primary mass effect over the entire
range covered by experiments, esvecially with regard to depth dependence.
The principle that the early stages of shower development are the most sen-
sitive to differences in primary mass is questionable, in light of the re-
sulte by Waddington and Freier (1973), which gave quantitative expression to
the concern voiced earlier by Peters (1963). It should be re-examined. It
may be found that the most favorable region for maliing the desired discrimi-
nation is just below the level where fragmentation has been essentially
completed, so the leading nucleons have becore independent but rave not lost
all memory of their initially common energy. Favorable experiments would be
those (at whatever level they might be carried out) that are able to sense
conditions in the region so described.
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