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Direct probability distributions (a refresher),
Inverse probability distributions,
(Non-informative) Prior probability distributions,
Factorization Theorem and consistency factors,
Objectivity,

Consistency factors for location-scale families,
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Consistency factors in the absence of symmetry.
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Definition 21 (Parametric family). The term parametric family stands

for a collection | = {Pr, PR eV®} of probability distributions that
differ only in the value 6 of a parameter ®.

B et e e

Fo(x)=Fi(x]0), f,,(x)=f,(x]6), p, ,(x)=p,(x]6).

= - ——
e =

Example 1. Pr, (B)="Pr, ,(B)=Pr,(B|0)=| f,(x|#)dx,BeB.
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Definitions extend without change to random vectors:
FX(X): F (X|9), fx(x): fI(X|0)7 pX(X): pI(X|O);
Pr,(B)=Pr, ,(B)="Pr,(B|0)= IB f(x|0)d"x;BeB".

Conditional probability distributions:
X= (Y,Z), fX(yaz): 1:I (y,Z |0)9 fl (Z |0)

= t(y1z0)= 020

I[R f,(y,z]0)dy>0

Example 2 (Reparametrization). Let a probability distribution for a
continuous random vector X belong to a family I, f,(x)= f,(x|0),

and lety =s(x)and A = 5(8) with &_s(x),0,5(8) = 0. Then,
f(y12)= 1,675 @®)o,s ).
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2. Inverse probability distributions:

Definition 1 (Inverse probability distribution). Given a probability
space (£2,%,P) and a function (G),X): Q- ([Rm,x), xecR",Ois
> —measurable,and X ~ f, (x|0), the inverse probability distribution
Is defined as the image measure of P by the random variable O,
Pr,(e|x)=Po®, such that

Pr,(B|x)=P|®"'(B)|, BeB".

Distribution and density functions:
Fi(x18)<> F(0]x), f,(x|0) <> f,(0]x).

Also: probability distributions that are neither purely direct nor purely
inverse. Distribution and density functions of such a distribution:

F, ((),x1 |x2)and f, (O,xl |x2).

4/15/2010 6
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From a mathematical perspective, all probability distributions, be they
purely direct, purely inverse, or mixtures of the two, are equivalent.

e

e - -

Conditional inverse probability distributions:
0=(0,,0,),3f,(6,0,x), f,(6,|x)= _[R f,(6,,6,x)d6, >0

f (6,0
- 0 HELS)
1\72

Example 2 (Reparametrization). Suppose there is f,(0|x), and let

y = s(x)and & = 5(0) with 0_s(x),5,5(8) = 0. Then,
fL1y)= 16 ®Is )o@
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bability distributions:
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f
= 1,(01x)= SO0 g ) ), (vw)ao.

T. Bayes (1763). Phil. Trans. R. Soc., 53, 370-418.
P. S. Laplace (1774). Mém. Acad. R. Sci., 6, 621-656.

e
=
e

e

f,(8): (non-informative) prior probability distribution.

Uniform f,(0): (Bayes,Laplace).
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Conceptual (interpretational) difficulties:

a) We do not know anything about 7 <> we know that
7 is uniformly distributed,

b) 7 is unknown but fixed <> 7 is distributed.

=

“ ...inverse probability is a mistake (perhaps the only mistake
to which the mathematical world has so deeply committed
itself),...”

(R. A. Fisher (1922). Phil. Trans. R. Soc., A 222, 309-368)
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4. Factorization Theorem and consistency factors:

Theorem 2 (Bayes). 3f,(0,x,|x,), f,(0,x,|x,);
f, (0|x1,2)= j[R” f,(0,x,]x,)d"x,, >0;
f, (XL2 |x2,1): JRm f,(0,x,x,)d"0>0;
X, X, iid, f (x,x,]0)=f(x,|0)f (x,]0);

— f,(0]x,,x,)= f|(9|x1)f|(X2|9)= f(0]x,) f, (x, |9)

fl(xz |X1) f (Xl |X2)
Under analogous conditions::

f(010,,x,x,)= -~
I(l 2> 2) fI(X2|02’X1) f|(X1|029X2)

f (91 |029X1) f (Xz |91992) _f (91 |029X2) fI(Xl |91992)_

Proof. f, (O’Xl,z |X2,1): f, (9|X2,1)f| (Xl,z |0): f (Xl,z |X2,1)f| 8]x,,x,). [

4/15/2010
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Theorem 3 (Factorization).
1:|(9|X1) fI(Xz |0) _ f,(ﬂ|x2) fI(Xl |9)

f|(0|X1’X2): fl(X2|X1) ) fl(X1|X2)
= T, (9 | X1,2): = (97; ];Ix(lle)z |0)5 m(x,,)= J.é] (0) f, (Xl,z |0)d 0.
Similarly :

[ (0,10, x,x,)= 1 O1102X ) f,(x, 10,8, _ £,(8,10,,%,),(x,8,.6,)
BASRRSIRSER.S) f|(X2|02’X1) f|(X1|92:X2)

e (n I n \ §|,92(01) 1:|(X1,2 |91792)
—= L9, 19,,X,,)=

. 7 \_r & /A\I/ 1 A\Jmn
2 77|,92 (X1,2) - J[le él,ﬁ2 (UI) T| \X1’2 |U1,U2)0 1U1 .

77|,92(X1,2)
x(0,x,) _ : _ f,(ﬂ|x1’2) _ fI(X2 |X1)
Proof. (0.x,) =h(x,,x,); x(0,x,,) = f (Xl,z |O)’ h(x,,x,)= f (X1 |x2)
h(x,,x,) = 7, (X)) K(O,XI)ZK(O,Xz): (9).
= 10, %;) 77|(Xz):> m(x,) n(x,) st []

4/15/2010 12
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Theorem 1 (Bayes) vs. Theorem 3 (Factorization):
f|(9|x): f, (0) fI(X|9)<_) f,(0|x): ¢, (0) fl(x|0)
h () 17, (x)
f,(0) <> £,(0);

Difference: £, (0) not a pdf (neednot be integrable).

e

el

¢, (0) unique only up to a multiplier y(x):
20O fi(x10)  _ S(O)f(x[0)
[ 70, 0) f,(x]0)d™0 [ £(0)f,(x]0)d"®




B
5. Objectivity:

Definition 2 (Objectivity). A probabilistic parametric inference is
called objective if a particular likelihood function always leads
to the same posterior density function.

Motivation: at the beginning of the inference only the parametric
family is known, and inferences based on identical information
should be the same.

Invariance: y =l(a,x),A=1(a,0),acG;
F|-(YI7»)= F (yll);
fy(a)= 1,0 @y T @n)o,1@y).

—> Relative invariance of {,(0):

£1(0)= z(2)¢,[1(a,0)]0,1 *(a,0) .

4/15/2010
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atlon-scale families:
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LG o o
f(1,0]%,X%,)= YR f (XI,X2 | 1,0); X, X, i.id.,
fl(ﬂlo'axl):i::—((xl[gfl(xl |,u,0'),
f|(0'|/1>x1): 2:((:; fl(xl |,U»O')-

E farr-l.il=y“.l
Fl(x|,uao'):q)(x;_luja

I[[(a,b),x]=ax+Db

_ } (a,b)eR"'xR=G,
I[(a,b),(u,0)]=(au+Db,ac)
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(u]o.x,), 1
= ¢, (1#,0)= gly(o-) o gla(ﬂ)_l
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Proposition1. f (x,o | x,x,), f (0'|,u, ) objective

- V-'- _'_-.:r"-
___—_'_,_._.-

".

.-vﬂﬂ‘::__



K
@ ¢
o ©

Example 3 (Normal family).
(X, — )’
o, X ex ,
(/U| ) /—O_ p{ 257

e e )
X, — X,

Iexp{ (%, — 1)* + (%, — p1)° }

207

f (:u’O-|X19X ) 7Z'O'

- X = X,| X, — X,)’
f|(G|Xl,X2):'[_w f'(’u’O-|X19X2)d:u:| 712_0_22|6Xp{_( 14()'22) },

1 X =%y

f =1 do=— |
|(/1|X19X2) jo '('U’O-|X1’X2) ° T x12_|_x22+2,uz—2,u(X1+X2)
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Example 5 (Binomial vs. Normal distribution).

neeN
neN_;n<n,

P, (n|é, no) - (r:]o] 0" (1- g)no_n

n,@,n,(1-6)>1: Fl(n|¢9,no)=zn:p(i|6?,n0) n] \/L exP{ (X2 ﬂ)}dx
i=0 TO

p=n0, o=4n0(-80)=~,n(n —-n)/n,

:>f(<9|o-n)~ Ny ex (n ,U) '0-5;- - - | 7d _
| , ~\/27Z'O' P~ 207 0.6 _ ./f. | -
0.4 | / F(nlo,n)

| /" F.(x|u0)

D.E_—J . : )
G-’--b...é...;...i‘...é...l.ﬂ...
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Credible intervals and regions,
Degrees of belief and calibration,

Fiducial argument,

Theorem of Stein, Chang and Villegas,

Calibration of marginal distributions.
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Definition 3.a (Credible interval): 3 f,(0]x); 0,x €R
— Credibleinterval (6,,6,]1 <V, with (inverse-) probability content & :

["f,(01x)do=6.

A

: ,__-;e'-';f_"_"-'g':""‘ -

e .:_.:—# = -
e e

Definition 3.b (Credible region): 3 f,(0]x); 8 cR",x €R"
= Credible regionU (x) =V, = R™ with probability content & :
[, fi®[x)d"0=5.

= 22

————
= =



EZ T

2. Degrees of belief and calibration :

The inferred parameter, although unknown, is usually fixed. What is
distributed is our degree of belief that, given observed x, the true value
of the inferred parameter is in the credible region U (x).

Definition 4 (Calibration): The inverse probability density f, (9 |x)
IS called calibrated if there is at least one algorithm to construct
credible regions whose (inverse-) probability content is equal
to the long-term relative frequency, called coverage, of the regions
that cover the true value(s) of the parameter, be the distribution
of the true values in the ensemble what it may.

4/15/2010 23
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Proposition 2 (Fiducial argument). 6 = y for alladmissiblec,
= (T |t1): -0,k (tl |T)
Proof. For infinitesimal 2,5 = f,(z, |t,)Arandy =-A7 0, F, (t, | 7)

T=T,

[]

Remark 1. Generalargument. .

=
Example6.¢, ,(0)=0"', ¢, . (u) =1satisfy the fiducial condition.
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Proposition 3 (Lindley). f,(¢|x)=+d,F, (x| z) and

f.(«9|x)=%‘2 f,(x16) = 3u(0), y(0): T,y | )= 4y — 0.

T

Proof. D.Lindley (1958), J.Roy. Statist Soc. Ser.B 20, pp.102-107.
[]
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4. Theorem of Stein, Chang and Villegas:

Theorem 4 (Stein, Chang, Villegas). f (x| 9) iInvariantunder a
topological (e.g.,Lie) group G, £, (0) coincides with the element
of the right -invaiant Haar measure on G = f,(0|x) calibrated

on equivariant credible regions,U[l(a,x)] = I[U (x)].

Proof. T.Chang, C.Villegas (1986),Canad.J. Statist.14, 289-296.
[]

Example 7. ¢, (u,0) =o' is the element of the right -invariant Haar

measureonG =R xR".

4/15/2010 27
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Example 7 (Cont'd). Equivariant rectanglesU =[x, 14 1x[0,,0,],
PrU, [x)=a,Pr,(U, |x)=4,Pr,(U; |x)=¢,Pr,(U [x)=7,
U, = (-0, i, IxR™, U, =g, s, IXR™, Uy =[ g4, 14,1%(0, 0, ],
OLa,B,yv,ell;l-a>p>21-c>y,
X =(X,..5X,),N22.
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5. Calibration and marginal distributions:

Example 7 (Cont'd). Equivariant rectanglesU =[x, 14 1 x[0,,0, ],
Pr,(U, |x)=a,Pr, (U, [x)= 4, Pr,(U,|x)=¢,Pr,(U[x) =7,
U, = (-0, 4, ]xR™ U, = [, 14, ] xR™ U5 = [ 14, 44,1 % (0, 5, ],
OLa,p,7,e<l;1—-a>2p21-c>y.

1 m+t . f

B=y=U=Rx[o,,0,]= f, (c]|x)calibrated,
B=1=U =, 1, ]xR* = f,(u|x)calibrated.

Remark 2. Not conservedunder generalone-to-one

reparametrization.

4/15/2010
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f(91+1| ®j,X,—)= f(91+1| 51)"’ N(Ajerj)

f(91-+1| 9,—) : frekvenéna interpretacija

B —
= & -3 e N i

S

fx1@,. X, )=1(x16,)~N(g,.V)
f (x il Hj) . frekvencna interpretacija

T
e

f(x;]6,)~N(H
H;: obrnljiva

J

P \
10;,V;)

f(gk |Xk)=?

.L..i;f __ 30



)
K
@ ¢
o ©

J=[ [ 1(©,1X,)d"6,...d"6 , ~N(r,R,)

R
r=A_r,+RV_ ( — AT, 1)- r—r(X )e[R”

I

=
__“’_ Kvadraters Methode..., § 2.
46—52 |

J_:“ rf892 901.
*-Plfiys 5:11, str. 1-19.

si ;g . 82, str. 34-45.

.v-“‘r*" =
.'--"'_'__..'. '
e :.nﬁ-__.-" _:_" = -
4“’;-"’ B
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f (6, x, ) #porazdelitev 6,
f (6| X, ) # porazdelitev 6,

(0 1X)= (1] 6,);
(rklé’ )~ N(6,,R,); invariantnost na translacije;
(r.|6,): frekvenéna mterpretacua

rk) ekvivariantno obmocje zaupanja:

f16,
f
f

C(
(

C(r.+a)=C(r,)+a: acR".

e

_[C f(6,X,)d"g, =y = delez C(r,), ki vsebujejo resni¢ne 6,, ne
glede na porazdelltev 6, v ansamblu.

n’ar UC Berkeley, str. 217-240.
Statist. 14, str. 289-296.
: """..-;-r 33
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30, :Olf =Ok‘1 , OkRkOJ =D, ;14,=020,, s,=0,r1, ;
Ekvivariantni (n-dim.) pravokotniki
f(5. )= N(1.D,). 1(s]5)=N(s,.D,). (n-dim.) p

ﬂkad 1)_[ dﬂkz j d/ukn (/uklsk) a,

) d,u _[ d,u 'J-_wd,uén)f(ydsk):ﬂl,
ﬁffd % J.#(Z)bd:ukZ) ﬁfdﬂk)f (s )=B,=7;

oo O)s = (s )

-_-:.',-"'-

6= (6"
IB [ ] l-a,2p21-a,20,2...2y.

=08, =18 =y = (s )= [ fm)s)du.. dy(“du(‘“) ..du" kalibrirane

fO0)s )= [ f(@&ls)da de“)de”l ..dg™ niso kalibrirane
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