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)LJ� ������ �� � 3KDVH�� DQG� HQYHORSH�GHOD\� GHILQLWLRQ�� 7KH� VZLWFK� � LV� FORVHG� DW� WLPH� �� WR� DSSO\� D: !�
VLQXVRLGDO� YROWDJH� ZLWK� DPSOLWXGH� � WR� WKH� LQSXW� RI� WKH� DPSOLILHU� KDYLQJ� D� IUHTXHQF\�GHSHQGHQW=J
DPSOLWXGH�UHVSRQVH� �DQG�DVVRFLDWHG�SKDVH�UHVSRQVH� ��7KH�LQSXW�VLJQDO�HQYHORSH�LV�D�XQLW(² ³ ² ³ �  
VWHS��7KH�RXWSXW�HQYHORSH� ODJV� WKH� LQSXW�E\� ��PHDVXUHG�IURP� �WR� ��ZKHUH� � LV� WKH� �  � � � �~ � °� ! ! !
WLPH�DW�ZKLFK�WKH�RXWSXW�HQYHORSH�UHDFKHV�����RI�LWV�ILQDO�YDOXH��$�QXPEHU�RI�SHULRGV�ODWHU��1 ��° 
WKH�SKDVH�GHOD\�FDQ�EH�PHDVXUHG�DV�WKH�WLPH�EHWZHHQ�WKH�LQSXW�DQG�RXWSXW�]HUR�FURVVLQJ��LQGLFDWHG

E\� �DQG� DQG�LV�H[SUHVVHG�DV� ��7KH�FRUUHVSRQGLQJ�SKDVRU�GLDJUDP�LV�VKRZQ�DORQJ�! ! ~ °� � � �  �

� ,Q�WKH�SKDVH�DGYDQFH�FDVH��ZKHQ�]HURV�GRPLQDWH�RYHU�SROHV��WKH�QDPH�VXJJHVWV�WKDW

WKH�RXWSXW�YROWDJH�ZLOO� FKDQJH�EHIRUH� LQSXW��ZKLFK� LV� LPSRVVLEOH��RI�FRXUVH��7R�VHH�ZKDW

DFWXDOO\�KDSSHQV��ZH DSSO\�D�VLQHZDYH�WR�WZR�VLPSOH� �QHWZRUNV��ORZ�SDVV�DQG�KLJK�SDVV9*
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�ZLWK�D�]HUR�DW� ���DV�VKRZQ�LQ� ��&RPSDUH�WKH�SKDVH�DGYDQFH�FDVH�� ��ZLWK ~ � =)LJ� ����� RKS

WKH�SKDVH�GHOD\�FDVH�� ��7KH�LQSXW�VLJQDO�IUHTXHQF\�HTXDOV�WKH�QHWZRUN�FXW�RII��= �°9*ÀROS
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)LJ� ���������3KDVH�GHOD\�DQG�SKDVH�DGYDQFH��,W�LV�HYLGHQW�WKDW�ERWK�RXWSXW�VLJQDOV�XQGHUJR�D�SKDVH

PRGXODWLRQ�GXULQJ�WKH�ILUVW�KDOI�SHULRG��7KH�WLPH�IURP� �DQG�WKH�ILUVW�]HUR�FURVVLQJ�RI�WKH�RXWSXW!�
DW� �LV�VKRUWHQHG�IRU� �DQG�H[WHQGHG�IRU� ��+RZHYHU��ERWK�HQYHORSHV�ODJ�WKH�LQSXW�HQYHORSH�! = =� ��� ���

2Q�WKH�RWKHU�KDQG�� WKH�SKDVH��PHDVXUHG�DIWHU�D�QXPEHU�RI�SHULRGV��H[KLELWV�DQ�DGYDQFH�RI�b ��
IRU�WKH�KLJK�SDVV�QHWZRUN�DQG�D�GHOD\�RI� �IRU�WKH�ORZ�SDVV�QHWZRUN�c ��

5HWXUQLQJ� WR� WKH�HQYHORSH�GHOD\� IRU� WKH� VHULHV�SHDNLQJ�FLUFXLW�� LQ�DFFRUGDQFH�ZLWK

(T� ������ (T� ��������ZH�PXVW�GLIIHUHQWLDWH� ��)RU�HDFK�SROH�ZH�KDYH��
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DQG��DV�IRU�WKH�SKDVH�GHOD\��WKH�WRWDO�HQYHORSH�GHOD\�LV�WKH�VXP�RI�WKH�FRQWULEXWLRQ�RI�HDFK

SROH� �DQG�]HUR�� LI�DQ\���$JDLQ�� LI�ZH�XVH�QRUPDOL]HG�SROHV�DQG�WKH�QRUPDOL]HG�IUHTXHQF\�

ZH�JHW�WKH�QRUPDOL]HG�HQYHORSH�GHOD\�� ��UHVXOWLQJ�LQ�D�XQLW�GHOD\�DW�G�F��  H K

� )RU�WKH���SROH�FDVH�ZH�KDYH��
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7KH�SORWV�IRU�WKH�VDPH�YDOXHV�RI� �DV�EHIRUH��DIWHU� ���DUH�LQ� �� (T� ������ )LJ� �����

)RU�SXOVH� DPSOLILFDWLRQ�� WKH� LPSRUWDQFH�RI�DFKLHYLQJ�D� IODW� HQYHORSH�GHOD\�FDQQRW

EH�RYHUVWDWHG��$�IODW�GHOD\�PHDQV� WKDW�DOO� WKH� LPSRUWDQW� IUHTXHQFLHV�ZLOO� UHDFK� WKH�RXWSXW

ZLWK�XQDOWHUHG�SKDVH��SUHVHUYLQJ�WKH�VKDSH�RI�WKH�LQSXW�VLJQDO�DV�PXFK�DV�SRVVLEOH�IRU�WKH

JLYHQ� EDQGZLGWK�� WKXV� UHVXOWLQJ� LQ�PLQLPDO� RYHUVKRRW� RI� WKH� VWHS�UHVSRQVH� �VHH� WKH� QH[W

VHFWLRQ���$OVR��D� IODW�GHOD\�PHDQV�WKDW��VLQFH�LW� LV�D�SKDVH�GHULYDWLYH�� WKH�SKDVH�PXVW�EH�D

OLQHDU�IXQFWLRQ�RI�IUHTXHQF\�XS�WR�WKH�FXW�RII��7KLV�LV�ZK\�%HVVHO�V\VWHPV�DUH�RIWHQ�EHLQJ

UHIHUHG� WR� DV� �OLQHDU�SKDVH�� V\VWHPV��7KLV� SURSHUW\� FDQ�QRW� EH� VHHQ� LQ� WKH� ORJ�VFDOH�XVHG

KHUH��EXW��LI�SORWWHG�DJDLQVW�D�OLQHDUO\�VFDOHG�IUHTXHQF\��LW�ZRXOG�EH��:H�OHDYH�WR�WKH�FXULRXV

UHDGHU�WR�WU\�LW�E\�KLPVHOI�
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,Q� FRQWUDVW�� WKH� %XWWHUZRUWK� V\VWHP� VKRZV� D� SURQRXQFHG� GHOD\� QHDU� WKH� FXW�RII

IUHTXHQF\��&RQFHLYDEOH��WKLV�ZLOO�H[SRVH�WKH�V\VWHP�UHVRQDQFH�XSRQ�WKH�VWHS�H[FLWDWLRQ�
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)LJ� �������� �(QYHORSH�GHOD\�RI�WKH�VHULHV�SHDNLQJ�FLUFXLW�IRU�WKH�VDPH�FKDUDFWHULVWLF�YDOXHV

RI� �DV�EHIRUH��� �0)$�� �0)('�� �&'��1RWH�WKH�PD[LPDOO\�IODW�HQYHORSH�GHOD\�SORW�� D E F� � � E

EHLQJ�IODW�XS�WR�QHDUO\� � ��À  K

�������6WHS�5HVSRQVH

:H�KDYH�DOUHDG\�GHULYHG�WKH�IRUPXOD�IRU�WKH�VWHS�UHVSRQVH�LQ� ��3DUW����(T� �������

�²!³ ~ � b ² ! b ³
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�H ��������* *VLQ

VLQ
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ZKHUH� �LV�WKH�SROH�DQJOH�LQ�UDGLDQV �� ��UHDG�WKH�IROORZLQJ�1RWH���� �  � �~ c ° bDUFWDQ  !� �

1RWH �� :H� DUH� RIWHQ� IRUFHG� WR� FDOFXODWH� VRPH� RI� WKH� FLUFXLW� SDUDPHWHUV� IURP� WKH

WULJRQRPHWULF�UHODWLRQV�RI�WKH�UHDO�DQG�LPDJLQDU\�FRPSRQHQWV�RI�WKH�SROH��7KH�&DUWHVLDQ

FRRUGLQDWHV� RI� WKH� SROH� � LQ� /DSODFH� SODLQ� DUH� � RQ� WKH� UHDO� D[LV� DQG� � RQ� WKH � � ��  
LPDJLQDU\�D[LV��,Q�SRODU�FRRUGLQDWHV��WKH�SROH�LV�H[SUHVVHG�E\�LWV�PRGXOXV��WKH�GLVWDQFH

RI�WKH�SROH�IURP�WKH�FRPSOH[�SODQH�RULJLQ���

� � �4 ~ ² b � ³² c � ³ ~ bl l�  �  �  � � � � � �
� �

DQG�LWV�DUJXPHQW��DQJOH�� ��GHILQHG�VR�WKDW��� �
� �

� �
 

�
WDQ ~

�

�

� 1RZ��D�PDWKHPDWLFDOO\�FRUUHFW�GHILQLWLRQ�RI�WKH�SRVLWLYH�YDOXHG�DQJOH�LV�FRXQWHU�

FORFNZLVH�IURP�WKH�SRVLWLYH�UHDO�D[LV ��VR��LI� �LV�QHJDWLYH�� �ZLOO�EH�JUHDWHU�WKDQ� �� � �� °�
+RZHYHU��WKH� �IXQFWLRQ�LV�GHILQHG�ZLWKLQ�WKH�UDQJH�RI� �DQG�WKHQ�UHSHDWV!�����! g °��

IRU�YDOXHV�EHWZHHQ� ��7KHUHIRUH��E\�WDNLQJ�WKH� �� �
� �
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ZH�ORRVH�WKH�LQIRUPDWLRQ�LQ�ZKLFK�KDOI�RI�WKH�FRPSOH[�SODQH�WKH�SROH�DFWXDOO\�OLHV�DQG

FRQVHTXHQWO\�D� VLJQ�FDQ�EH�ZURQJ��7KLV� LV�EDG��EHFDXVH� WKH� OHIW� �QHJDWLYH��VLGH�RI� WKH

UHDO�D[LV�LV�DVVRFLDWHG�ZLWK�HQHUJ\�GLVVLSDWLYH��WKDW�LV��UHVLVWLYH�FLUFXLW�DFWLRQ��ZKLOH�WKH

ULJKW� �SRVLWLYH�� VLGH� LV� DVVRFLDWHG� ZLWK� HQHUJ\�JHQHUDWLYH� DFWLRQ�� 7KLV� LV� ZK\

XQFRQGLWLRQDOO\� VWDEOH� FLUFXLWV� KDYH� WKH� SROHV� DOZD\V� LQ� WKH� OHIW�KDOI� RI� WKH� FRPSOH[

SODQH�

� 7R�NHHS�RXU�DQDO\WLFDO�H[SUHVVLRQV�VLPSOH��ZH�ZLOO�NHHS�WUDFNLQJ�WKH�SROH�OD\RXW

DQG� FRUUHFW� WKH� VLJQ� DQG� YDOXH� RI� WKH� � E\� DGGLQJ� � UDGLDQV� WR� WKH� DQJOH�DUFWDQ ² ³ � �
ZKHUHYHU� QHFHVVDU\�� %XW�� LQ� RUGHU� WR� DYRLG� DQ\� FRQIXVLRQ�� RXU� FRPSXWHU� DOJRULWKP

VKRXOG�XVH�D�GLIIHUHQW�IRUP�RI�HTXDWLRQ��VHH� ��3DUW��

� 3OHDVH��VHH� �IRU�PRUH�GHWDLOV�$SSHQGL[ ���

7R� XVH� WKH� QRUPDOL]HG� YDOXHV� RI� SROHV� LQ� � ZH� PXVW� DOVR� HQWHU� WKH(T� ������

QRUPDOL]HG�WLPH�� ��ZKHUH� �LV�WKH�V\VWHP�WLPH�FRQVWDQW�� ��7KXV�ZH�REWDLQ ��!°; ; ; ~ 9*

� D��IRU�%XWWHUZRUWK�SROHV��0)$���

� � � H ��������� ²!³ ~ � b � ²!°; b �À��	 b ³D
l c!°; VLQ �

� E��IRU�%HVVHO�SROHV��0)('���

� � H ��������� ²!³ ~ � b � ²�À�

 !°; b �À	��
 b ³E
c�À	 !°; VLQ �

� F��IRU�&ULWLFDO�GDPSLQJ��&'���

(T� �������ZDV� GHULYHG� IRU� VLPSOH� SROHV�� VR� LW� LV� QRW� YDOLG� IRU� D� FULWLFDO� GDPSLQJ

�&'��� EHFDXVH� KHUH�ZH� KDYH� D� GRXEOH� SROH� DW� �� 7R� FDOFXODWH� WKH� VWHS�UHVSRQVH� IRU� WKH �
IXQFWLRQ�ZLWK�D�GRXEOH�SROH��ZH�VWDUW�ZLWK� ��LQVHUW�WKH�VDPH��UHDO���YDOXH�(T� ����� ² ~  ³� �

DQG�PXOWLSO\�LW�ZLWK�WKH�XQLW�VWHS�RSHUDWRU� ��7KH�UHVXOWLQJ�HTXDWLRQ���° 
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(T� �������KDV�D�GRXEOH� �SROH� �RU��QRUPDOL]HG�� �UHDO  ~ ~ c �°9* ~ c �� � �� � Q

:H�LQVHUW�WKLV�LQ�WKH� �WR�JHW�WKH�&'�VWHS�UHVSRQVH�SORW��FXUYH� ��� ���(T� ������ F � ~ �À�	

� � H ��������� ²!³ ~ � c ²� b �!°;³F
c�!°;

7KH�VWHS�UHVSRQVH�SORWV�RI�DOO�WKUHH�FDVHV�DUH�VKRZQ�LQ� ��$OVR�VKRZQ�LV�WKH)LJ� �����

QRQ�SHDNLQJ�UHVSRQVH�DV�WKH�UHIHUHQFH��7KH�0)$�RYHUVKRRW�LV� � ��ZKLOH�IRU�0)('� ~ �À�
LW�LV����WLPHV�VPDOOHU �
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)LJ� ������ �� � 6WHS�UHVSRQVH� RI� WKH� VHULHV� SHDNLQJ� FLUFXLW� IRU� WKH� IRXU� FKDUDFWHULVWLF

YDOXHV�RI� ��� �0)$�� �0)('�� �&'��7KH�0)$�RYHUVKRRW�LV� ���ZKLOH�IRU� ~ �À�D E F� � � �
0)('�LW�LV�RQO\� � �� ~ �À��

�������5LVH�WLPH

7KH� PRVW� LPSRUWDQW� SDUDPHWHU�� E\� ZKLFK� WKH� WLPH�GRPDLQ� SHUIRUPDQFH� RI� D

ZLGHEDQG�DPSOLILHU�LV�HYDOXDWHG��LV�WKH�ULVH�WLPH��$V�ZH�KDYH�DOUHDG\�VHHQ�LQ� ��WKLV)LJ� �����

LV�WKH�GLIIHUHQFH�RI�LQVWDQWV�DW�ZKLFK�WKH�VWHS�UHVSRQVH�FURVVHV�WKH�����DQG�����OHYHOV�RI

WKH�ILQDO�YDOXH��)RU�WKH�QRQ�SHDNLQJ�DPSOLILHU��ZH�KDYH�ODEHOHG�WKLV�WLPH�DV� �DQG�ZH�KDYH�U
FDOFXODWHG� LW� DOUHDG\� E\� �� REWDLQLQJ� WKH� YDOXH� �� 7KH� SHDNLQJ� DPSOLILHU(T� ����� �À��9*
ULVH�WLPH�LV�ODEHOHG� ��5

7KH�FDOFXODWLRQ�IRU� �JRHV�EDVLFDOO\�E\� ��)RU�PRUH�FRPSOH[�FLUFXLWV��WKH�5 (T� �����

VWHS�UHVSRQVH� IXQFWLRQ� FDQ� EH� UDWKHU� FRPSOLFDWHG�� FRQVHTXHQWO\� WKH� DQDO\WLFDO� FDOFXODWLRQ

EHFRPHV�GLIILFXOW�DQG�LQ�VXFK�FDVHV�LW�LV�EHWWHU�WR�XVH�D�FRPSXWHU��VHH� ��7KH�ULVH�WLPH3DUW��

LPSURYHPHQW�DJDLQVW�D�QRQ�SHDNLQJ�DPSOLILHU�LV �

�
�

�
U

U

5

~
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��������

7KH�YDOXHV�IRU�WKH�EDQGZLGWK�LPSURYHPHQW� �DQG�IRU�WKH�ULVH�WLPH�LPSURYHPHQW�� �E U

DUH� VLPLODU� EXW� LQ� JHQHUDO� �� ,Q� SUDFWLFH�� ZH� PRUH� RIWHQ� XVH� �� WKHWKH\� DUH� QRW� HTXDO �E
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FDOFXODWLRQ� RI� ZKLFK� LV� HDVLHU�� ,I� WKH� VWHS�UHVSRQVH� RYHUVKRRW� LV� QRW� WRR� ODUJH�� ZH� FDQ

DSSUR[LPDWH�WKH�ULVH�WLPH�IURP�WKH�IRUPXOD��

 �
�

K K K~ � � ~ � ~
� �

9* � 9*� � � �
�������DQG�IXUWKHU�������

ZKHUH� � LV� WKH� XSSHU� KDOI�SRZHU� IUHTXHQF\� LQ� �� ZKLOH� � LV� WKH� XSSHU� KDOI�SRZHU K KUDG�V �
IUHTXHQF\�LQ�+]��:H�KDYH�DOUHDG\�FDOFXODWHG�WKH�QRQ�SHDNLQJ�ULVH�WLPH� �E\� �DQG�U (T� �����

IRXQG�LW�WR�EH� ��)URP�WKLV�ZH�REWDLQ� ��DQG�WKLV�UHODWLRQ�ZH�À��9* � ~ �À��°� ~ �À�	� �U K

PHHW�YHU\�IUHTXHQWO\�LQ�SUDFWLFH��

�U
K

~
�À�	

�

� �
��������

%\�UHSODFLQJ� �ZLWK� �LQ�WKLV�HTXDWLRQ��ZH�JHW��DQ�HVWLPDWH�RI��WKH�ULVH�WLPH�RI�WKH� �K +

SHDNLQJ�DPSOLILHU��%XW�QRWH�WKDW�E\�GRLQJ�VR��ZH�PLVV�WKH�IDFW�WKDW� �LV�H[DFW�RQO\(T� ������

IRU� WKH� VLQJOH�SROH�DPSOLILHU��ZKHUH� WKH� ORDG� LV� WKH�SDUDOOHO� �FRQQHFWLRQ��)RU�DOO�RWKHU9*
FDVHV�� �LW�FDQ�EH�XVHG�DV�DQ�DSSUR[LPDWLRQ�LI�WKH�RYHUVKRRW�GRHV�QRW�H[FHHG�VRPH���

7KH�RYHUVKRRW�RI�D�%XWWHUZRUWK� WZR�SROH�QHWZRUN�DPRXQWV� WR������DQG� LV�JHWWLQJ� ODUJHU

ZLWK�LQFUHDVLQJ�WKH�QXPEHU�RI�SROHV��WKXV�FDOFXODWLQJ�WKH�ULVH�WLPH�E\� �ZLOO�EH�LQ(T� ������

HUURU�� (YHQ� JUHDWHU� HUURU� ZLOO� UHVXOW� IRU� QHWZRUNV� ZLWK� &KHE\VKHY� DQG� &DXHU� �HOOLSWLF�

V\VWHP�SROHV��,Q�VXFK�FDVHV�ZH�PXVW�FRPSXWH�WKH�DFWXDO�V\VWHP�VWHS�UHVSRQVH�DQG�ILQG�WKH

ULVH�WLPH�IURP�LW��)RU�%HVVHO�SROHV��WKH�HUURU�LV�WROHUDEOH ��QHYHU�WKH�OHVV��XVLQJ�D�FRPSXWHU

WR�FDOFXODWH�WKH�ULVH�WLPH�IURP�WKH�VWHS�UHVSRQVH�ZLOO�JLYH�JUHDWHU�SUHFLVLRQ�

��������,QSXW�,PSHGDQFH

:H�ZLOO�XVH�WKH�VHULHV�SHDNLQJ�QHWZRUN�DOVR�DV�DQ�DGGLWLRQ�WR�7�FRLO�SHDNLQJ��7KLV

LV� SRVVLEOH�� VLQFH� WKH� 7�FRLO� QHWZRUN� KDV� D� FRQVWDQW� LQSXW� LPSHGDQFH� �WKH� 7�FRLO� LV

GLVFXVVHG�LQ� �� �DQG� ���7KHUHIRUH��LW�LV�XVHIXO�WR�NQRZ�WKH�LQSXW�LPSHGDQFH�RI6HF����� ��� ���

WKH� VHULHV�SHDNLQJ� QHWZRUN�� )URP� � LW� LV� HYLGHQW� WKDW� WKH� LQSXW� LPSHGDQFH� LV� D)LJ� �����

FDSDFLWRU� �LQ�SDUDOOHO�ZLWK�WKH�VHULDOO\�FRQQHFWHG� �DQG� �* 3 9
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