
�&DVFDGLQJ�$PSOLILHU�6WDJHV��6HOHFWLRQ�RI�3ROHV 3�6WDULÈ��(�0DUJDQ�

�������

�����$�&DVFDGH�RI�(TXDO��'&�&RXSOHG�� �ORDGHG�$PSOLI\LQJ�6WDJHV9*

� $� PXOWLVWDJH� DPSOLILHU� ZLWK� '&�FRXSOHG� DQG� �ORDGHG� VWDJHV� LV� VKRZQ� LQ9*
)LJ� �������$OO�VWDJHV�DUH�DVVXPHG�WR�EH�HTXDO��-XQFWLRQ�ILHOG�HIIHFW�WUDQVLVWRUV��-)(7V�

DUH�EHLQJ�XVHG�DV�DFWLYH�GHYLFHV��VLQFH�ZH�ZDQW�WR�IRFXV�WR�HVVHQWLDO�GHVLJQ�SUREOHPV �

ZLWK�ELSRODU�MXQFWLRQ�WUDQVLVWRUV��%-7V���ZH�ZRXOG�KDYH�WR�FRQVLGHU�WKH�ORDGLQJ�HIIHFW�RI

D�UHODWLYHO\�FRPSOLFDWHG�LQSXW�LPSHGDQFH�> @�5HI�����

� $W� HDFK� VWDJH� ORDG�� WKH� FDSDFLWDQFH� � UHSUHVHQWV� WKH� VXP� RI� DOO� WKH� VWUD\�*
FDSDFLWDQFHV�ZLWK� WKH� � HTXLYDOHQW� FDSDFLWDQFH� �ZKHUH� � LV� WKH�JDWH�WR�* ²� b ( ³ **6 *6�

GUDLQ�FDSDFLWDQFH�DQG� �LV�WKH�YROWDJH�JDLQ�RI�WKH�LQGLYLGXDO�VWDJH���%\�GRLQJ�VR��ZH(�

JHW� D� VLPSOH�SDUDOOHO� �ORDG� LQ� HDFK� VWDJH��7KH� LQSXW� UHVLVWDQFH�RI� D� -)(7� LV�PDQ\9*
RUGHUV�RI�PDJQLWXGH�KLJKHU�WKDQ�WKH�ORDGLQJ�UHVLVWRU� ��VR�ZH�FDQ�QHJOHFW�LW��$OO�ORDGLQJ9
UHVLVWRUV�DUH�HTXDO�DQG�VR�DUH�WKH�PXWXDO�FRQGXFWDQFHV� �RI�DOO�-)(7V��FRQVHTXHQWO\�DOOJP
LQGLYLGXDO�JDLQV� �DUH�HTXDO�DV�ZHOO��7KHUHIRUH�WKH�KDOI�SRZHU�IUHTXHQFLHV� �DQG�DOO(� � K
WKH� ULVHWLPHV� � RI� LQGLYLGXDO� VWDJHV� DUH� DOVR� HTXDO�� ,Q� RUGHU� WR� IXUWKHU� VLPSOLI\� WKH�U�
FLUFXLW��ZH�GLG�QRW�GUDZ�WKH�SRZHU�VXSSO\�DQG�WKH�ELDV�YROWDJHV�

4

5 &

L�

R�

L�9

9

9
�

� �

4

5 &

L

R�9

9
�

� �

4

5 &

R9

Q

Q Q

L�9 Q

Q

9J

)LJ� ����� ���$�PXOWLVWDJH�DPSOLILHU�DV�D�FDVFDGH�RI�HTXDO��'&�FRXSOHG�� �ORDGHG�DPSOLI\LQJ�VWDJHV�9*

7KH�YROWDJH�JDLQ�RI�DQ�LQGLYLGXDO�VWDJH�LV �

( ~ 9
�

� b � 9*
� JP

� �
�������

 

ZLWK�WKH�PDJQLWXGH �

O( O ~
9

� b ² ° ³
� �

JP

K� ��
�������l   

ZKHUH �

� PXWXDO�FRQGXFWDQFH�RI�WKH�-)(7��>6@��VLHPHQV��>6@ > @�JP ~ ~ �°+

� XSSHU�KDOI�SRZHU�IUHTXHQF\�RI�DQ�LQGLYLGXDO�VWDJH��>UDG V@ K ~ �°9* ~ °

� �������)UHTXHQF\�5HVSRQVH�DQG�WKH�8SSHU�+DOI�3RZHU�)UHTXHQF\

� :H�KDYH� �HTXDO�VWDJHV�ZLWK�HTXDO�JDLQV��VR� ��7KH� ( ~ ( ~ Ä ~ ( ~ (� � � �

JDLQ�RI�WKH�FRPSOHWH�DPSOLILHU�LV�WKHQ �

( ~ ( h ( h ( Ä( ~ ( ~
9

� b � 9*
� � � � �

�
�@ AJP

� �
�������

 



�&DVFDGLQJ�$PSOLILHU�6WDJHV��6HOHFWLRQ�RI�3ROHV 3�6WDULÈ��(�0DUJDQ�

��������

7KH�PDJQLWXGH�LV �

O(O ~
9

� b °

x {z }
y |m  !

JP

K� ��

�������

  
�

�

� 7R�EH� DEOH� WR� FRPSDUH� WKH�EDQGZLGWK�RI� WKH�PXOWLVWDJH� DPSOLILHU� IRU� GLIIHUHQW

QXPEHU�RI�VWDJHV��ZH�PXVW�QRUPDOL]H�WKH�PDJQLWXGH�E\�GLYLGLQJ� �E\�WKH�V\VWHP(T� �����

'&�JDLQ� �� 7KH� SORWV� DUH� VKRZQ� LQ� �� ,W� LV� HYLGHQW� WKDW� WKH� V\VWHP !JP 9 �
)LJ� �����

EDQGZLGWK�� ��VKULQNV�ZLWK�HDFK�DGGLWLRQDO�DPSOLI\LQJ�VWDJH� +

��� ��� ��� ��� ����
���

���

����

���

���

���

��� ���

Z�ZK

ZK  ����5&
Z �ZK+  �����

� Q� ��_$_

$�

Q  ��

����

��

)LJ� ����� �� � )UHTXHQF\�UHVSRQVH� RI� D� �VWDJH� DPSOLILHU� � �� �� �� � �� 7R� FRPSDUH� WKH� � ~ � � Ä ��
EDQGZLGWK�� WKH� JDLQ� ZDV� QRUPDOL]HG� �GLYLGHG� E\� WKH� V\VWHP� '&�JDLQ�� � � �� )RU� HDFK² 9³JP

�

DGGLWLRQDO�VWDJH��WKH�EDQGZLGWK��WKH�FURVVLQJ�RI�WKH� �OHYHO��VKULQNV�E\� � ��À��� � c �l �°�

7KH�XSSHU�KDOI�SRZHU�IUHTXHQF\�RI�WKH�DPSOLILHU�FDQ�EH�FDOFXODWHG�E\�D�VLPSOH�UHODWLRQ �

x {z }
y |m  ! l� �

� b °
~

�� �� � ��
�������

  + K
�

�

7KXV �

< = ! 8 9� b ° ~ � ¬ ~ � c �  
 

 
+ K

+

K

� �
�

�°���������� ���������� �������
� �

VR��WKH�XSSHU�KDOI�SRZHU�IUHTXHQF\�RI�WKH�FRPSOHWH�DPSOLILHU�LV �

�� ��� �������  + K~ � c �l �°�



�&DVFDGLQJ�$PSOLILHU�6WDJHV��6HOHFWLRQ�RI�3ROHV 3�6WDULÈ��(�0DUJDQ�

��������

� $W�KLJK�IUHTXHQFLHV��WKH�ILUVW�VWDJH�UHVSRQVH�VORSH�DSSURDFKHV�WKH��� G% RFWDYH°
DV\PSWRWH�� ��� G% GHFDGH���7KH�PHDQLQJ�RI�WKLV�VORSH�LV�H[SODLQHG�LQ� ��)RU~ ° )LJ� �����

WKH�VHFRQG�VWDJH��WKH�VORSH�LV�WZLFH�DV�VWHHS�DQG�IRU�WKH� �VWDJH�LW�LV� �WLPHV�VWHHSHU�� �WK

��� ��� ��� ��� ����
�����

���

����

�����G%

��� ���

Z�ZK

�����

����

����

����

�����

�����

�����

�����

��G%
�

�
�
I
 

���G%

�

���
I

$ >G%@

 ��Q

)LJ� ����� �� � 7KH� ILUVW�RUGHU� V\VWHP� UHVSRQVH� DQG� LWV� DV\PSWRWHV�� %HORZ� WKH� FXWRII�� WKH
DV\PSWRWH�LV�WKH�OHYHO�HTXDO�WR�WKH�V\VWHP�JDLQ�DW�'&��QRUPDOL]HG�KHUH�WR� G%���$ERYH�WKH�
FXWRII�� WKH� VORSH� LV� � G%�RFWDYH� �DQ�RFWDYH� LV� D� IUHTXHQF\� VSDQ� IURP� � WR� ���ZKLFK� LV
 � ��
DOVR�HTXDO�WR�� G%�GHFDGH��D�IUHTXHQF\�GHFDGH�LV�D�VSDQ�IURP� �WR� ���� � �� �

7KH�YDOXHV� �IRU� �DUH�UHSRUWHG�LQ� � + � ~ �Ä�� 7DEOH������

7DEOH������

� � � � � 	 
 � � 
 ��

� ��� � 
�� � 	�� � ��	 � ��
 � 		� � ��� � ��� � ��� � �

 + � � � � � � � � � �

� :LWK�WHQ�HTXDO�VWDJHV�FRQQHFWHG�LQ�FDVFDGH��WKH�EDQGZLGWK�LV�UHGXFHG�WR�D�SRRU

� �

� �� VXFK� DQ� DPSOLILHU� LV� GHILQLWLYHO\� QRW� YHU\� HIILFLHQW� IRU� ZLGHEDQG K
DPSOLILFDWLRQ�

� $OWHUQDWLYHO\�� LQ� RUGHU� WR� SUHVHUYH� WKH� EDQGZLGWK�� D� �VWDJH� DPSOLILHU� VKRXOG�

KDYH� DOO� LWV� FDSDFLWRUV� UHGXFHG� E\� WKH� VDPH� IDFWRU�� � �� %XW� LQ� ZLGHEDQGl� c ��°�

DPSOLILHUV�ZH� DOUHDG\� VWULYH� WR�ZRUN�ZLWK� VWUD\�FDSDFLWDQFHV�RQO\�� VR� WKLV� DSSURDFK� LV

QRW�D�VROXWLRQ�

� 1HYHUWKHOHVV��WKH�DPSOLILHU�LQ� �LV�WKH�EDVLV�IRU�PRUH�HIILFLHQW�DPSOLILHU)LJ� �����

FRQILJXUDWLRQV��ZKLFK�ZH�ZLOO�GLVFXVV�ODWHU�



�&DVFDGLQJ�$PSOLILHU�6WDJHV��6HOHFWLRQ�RI�3ROHV 3�6WDULÈ��(�0DUJDQ�

��������

� �������3KDVH�5HVSRQVH

� (DFK� LQGLYLGXDO� VWDJH� RI� WKH� DPSOLILHU� LQ� � KDV� D� IUHTXHQF\�GHSHQGHQW)LJ� �����

SKDVH�VKLIW�DQJOH �

�   
 

 
� ~ ~ ² c ° ³

H -²� ³

G -²� ³
DUFWDQ DUFWDQ

� �
�������

D ED E K

ZKHUH� � LV� WDNHQ�IURP� ��)RU� �HTXDO�VWDJHV� WKH�WRWDO�SKDVH�VKLIW�DQJOH�LV-²� ³ � (T� �����

VLPSO\� �WLPHV�DV�PXFK ��

�� � �� ��������   � ~ � ² c ° ³DUFWDQ K

� 7KH� SKDVH� UHVSRQVHV� DUH� SORWWHG� LQ� �� 1RWH� WKH� KLJK�IUHTXHQF\)LJ� �����

DV\PSWRWLF� SKDVH� VKLIW� LQFUHDVLQJ� E\� � �RU� ����� IRU� HDFK� �� $OVR� QRWH� WKH� VKLIW� DW�°� �
  �  ~ � °� �K K�EHLQJ�H[DFWO\� ��LQ�VSLWH�RI�D�UHGXFHG� �IRU�HDFK� �

��� ��� ��� ��� ��� ��� ����

����

����

����

����

����

����

Z�ZK

M > @R

Q  ��

�
�

��

ZK  ����5&M  Q�DWDQ �

Q
� �Z�ZK

)LJ� ����� �� �3KDVH�DQJOH�RI�WKH�DPSOLILHU�LQ� ��IRU� � ���DPSOLI\LQJ�VWDJHV�)LJ� ����� Q ~ Ä

� �������(QYHORSH�'HOD\

� )RU� D� VLQJOH� DPSOLI\LQJ� VWDJH� � ��� WKH� HQYHORSH�GHOD\� LV� WKH� IUHTXHQF\�� ~ �
GHULYDWLYH� RI� WKH� SKDVH�� � �ZKHUH� � LV� JLYHQ� E\� ��� 7KH� �  �H� � �~ � °� (T� �����

QRUPDOL]HG�VLQJOH�VWDJH�HQYHORSH�GHOD\�LV �

�  
  

H K
K

~
c �

� b ² ° ³� �
��������

�

DQG�IRU� �HTXDO�VWDJHV ��



�&DVFDGLQJ�$PSOLILHU�6WDJHV��6HOHFWLRQ�RI�3ROHV 3�6WDULÈ��(�0DUJDQ�

��������

�� �� ��������
� �

�  
  

H K
K

� �
~

c �

� b ² ° ³

� �VKRZV�WKH�IUHTXHQF\�GHSHQGHQW�HQYHORSH�GHOD\�IRU� ��1RWH)LJ� ����� � ~ �Ä��
WKH�GHOD\�DW� �EHLQJ�H[DFWO\� �RI�WKH�ORZ�IUHTXHQF\�DV\PSWRWLF�YDOXH�  ~ �°�K

��� ��� ��� ��� ����

�������

������

������

������

������

������

��� ���

Z�ZK

Q  ��

�

�

��

ZK  ����5&

WHQZK

)LJ� ����� ��� (QYHORSH�GHOD\�RI�WKH�DPSOLILHU�LQ� ��IRU� � ���DPSOLI\LQJ�VWDJHV��7KH)LJ� ����� Q ~ Ä
GHOD\�DW� �LV� �RI�WKH�ORZ�IUHTXHQF\�DV\PSWRWLF�YDOXH��1RWH�WKDW�LI�ZH�ZHUH�XVLQJ�  ~ �°� �°�K K

IRU�WKH�DEVFLVVD��ZH�ZRXOG�KDYH�WR�GLYLGH�WKH� �VFDOH�E\� �� �H �

� �������6WHS�5HVSRQVH

� 7R�JHW�WKH�VWHS�UHVSRQVH��WKH�DPSOLILHU�LQ� �PXVW�EH�GULYHQ�ZLWK�WKH�XQLW�)LJ� �����

VWHS�IXQFWLRQ �

9

4

5 &

L�

R�

L�

J

9

9

9
�

� �

4

5 &

L

R�9

9
�

� �

4

5 &

R9

Q

Q Q

L�9 Q

Q

)LJ� ����� ��� $PSOLILHU�ZLWK� �HTXDO�'&�FRXSOHG�VWDJHV��H[FLWHG�E\�DQ�XQLW�VWHS�SXOVHQ

� :H� FDQ� GHULYH� WKH� VWHS�UHVSRQVH� H[SUHVVLRQ� IURP� � DQG� �� ,Q(T� ����� (T� �����

RUGHU� WR� VLPSOLI\� DQG� JHQHUDOL]H� WKH� H[SUHVVLRQ��ZH�ZLOO� QRUPDOL]H� WKH�PDJQLWXGH� E\

GLYLGLQJ� WKH� WUDQVIHU� IXQFWLRQ� E\� WKH� G�F�� JDLQ�� �� DQG� QRUPDOL]H� WKH� IUHTXHQF\� E\JP9



�&DVFDGLQJ�$PSOLILHU�6WDJHV��6HOHFWLRQ�RI�3ROHV 3�6WDULÈ��(�0DUJDQ�

��������

VHWWLQJ� �� 6LQFH� ZH� ZLOO� XVH� WKH� �WUDQVIRUP�� ZH� ZLOO� UHSODFH� WKH BK ~ �°9* ~ � c�

YDULDEOH� �E\�WKH�FRPSOH[�YDULDEOH� ���:LWK�DOO�WKHVH�FKDQJHV�ZH�JHW ��  ~ b � �  

-² ³ ~
�

²� b  ³� �
��������

�

� 7KH�DPSOLILHU� LQSXW� LV�H[FLWHG�E\� WKH�XQLW�VWHS�� WKHUHIRUH�ZH�PXVW�PXOWLSO\� WKH

DERYH�IRUPXOD�E\�WKH�XQLW�VWHS�RSHUDWRU� ��° 

.² ³ ~
�

 ²� b  ³� �
��������

�

7KH�FRUUHVSRQGLQJ�IXQFWLRQ�LQ�WKH�WLPH�GRPDLQ�LV �

J²!³ ~ .² ³ ~ �� 
 ²� b  ³

Bc�
 !

�
$ % � H

� �
�������

:H�KDYH�WZR�UHVLGXHV��7KH�ILUVW�RQH�GRHV�QRW�GHSHQG�RI� ��

�
H

� �
~  ~ ��� 
 S �  ²� b  ³

�

 !

�
OLP @ A

ZKLOH�WKH�VHFRQG�LV �

� �
� � � �� �

H
~ h ²� b  ³ ~�� 
 S �

� �

²� c �³[  ²� b  ³� 
�

²�c�³  !

²�c�³
�

�
OLP @ A

� ��������
� � �� �

�H
~ h
 S �

� �

²� c �³[  � 
OLP

²�c�³  !

²�c�³
6 7

6LQFH� �GHSHQGV�RQ� ��IRU� �ZH�JHW ��� � � ~ ��

� H ���������� ~ c�
�~�

c!e
IRU� �� ~ �

� H ���������� ~ c ²� b !³�
�~�

!e c

IRU� �� ~ �

� H ���������� ~ c � b !
!

�
�

�~�

!e 9c
�8 b

� �

����HWF��7KH�JHQHUDO�H[SUHVVLRQ�IRU�WKH�VWHS�UHVSRQVH�IRU�DQ\� �LV ��

� �� * H � �� ��������

 
� �

J� � �
c� c!

�c�

²!³ ~ ² ³ ~ �� b �� ~ � c
� �

� !

²� c �³[
B D E �

+HUH�ZH�PXVW�FRQVLGHU�WKDW�� ��E\�GHILQLWLRQ��[ ~ �
� $V�DQ�H[DPSOH��E\�LQVHUWLQJ� �LQWR� ��ZH�ZRXOG�JHW �� ~ 	 (T� ������

J	
c!

� � �

²!³ ~ � c � b b b b
! ! ! !

�[ �[ �[ �[
H ��������

� � � � � � � �
8 9



�&DVFDGLQJ�$PSOLILHU�6WDJHV��6HOHFWLRQ�RI�3ROHV 3�6WDULÈ��(�0DUJDQ�

��������

� 7KH�VWHS�UHVSRQVH�SORWV�IRU� ��FDOFXODWHG�E\� ��DUH�GLVSOD\HG� ~ �Ä�� (T� ������

LQ� �� �:H�QRWH� WKDW� WKHUH� LV� � LQ�DQ\�RI� WKH�FXUYHV��8QIRUWXQDWHO\�)LJ� ����� QR�RYHUVKRRW

WKH�HIILFLHQF\�RI�WKLV�NLQG�RI�DPSOLILHU�LQ�WKH��EDQGZLGWK�SHU�QXPEHU�RI�VWDJHV��VHQVH�LV

SRRU��VLQFH�LW�KDV�QR�SHDNLQJ�QHWZRUNV�WKDW�ZRXOG�SUHYHQW�EDQGZLGWK�GHFUHDVH�ZLWK� ��

� � � �� �� ��
������

������

������

������

������

������

W 5&�

Q  ��
�

�

��

J W� �Q

)LJ� ����� �� �6WHS�UHVSRQVH�RI�WKH�DPSOLILHU�LQ� ��IRU� � ���DPSOLI\LQJ�VWDJHV)LJ� ����� Q ~ Ä

� �������5LVHWLPH�&DOFXODWLRQ

� ,Q�FDVH�RI�D�PXOWLVWDJH�DPSOLILHU��ZKHUH�HDFK�SDUWLFXODU�VWDJH�KDV�LWV�UHVSHFWLYH

ULVHWLPH�� �� �� �� ��ZH�FDOFXODWH�WKH�V\VWHP�ULVHWLPH�> @�DV �� � �U U U� � �Ä 5HI� ���

� � � � �U U U U U~ b b bÄbm� � ��������� � �
� � �

�
�

� ,Q� ��ZH�KDYH�FDOFXODWHG� WKH� ULVHWLPH�RI�DQ�DPSOLILHU3DUW����6HF� �������(T� �����

ZLWK�D� VLPSOH� � ORDG� WR�EH� ��6LQFH�ZH�KDYH�KHUH� �HTXDO�VWDJHV�� WKH9* ~ �À��9* ��U�
ULVHWLPH�RI�WKH�FRPSOHWH�DPSOLILHU�LV�WKHQ �

�� � ��� ��������� �U U~ � ~ �À��9* �� l l
� �VKRZV�WKH�ULVHWLPH�LQFUHDVLQJ�ZLWK�WKH�QXPEHU�RI�VWDJHV �7DEOH �����

7DEOH������

� � � � � 	 
 � � 
 ��

° �À�� �À�� �À�� �À�� �À�� �À�	 �À
	 �À�� �À�� �À�
� �U U� �


