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� ������7UDQVLHQW�5HVSRQVH�E\�)RXULHU�7UDQVIRUP

7KHUH�DUH�VHYHUDO�PHWKRGV�IRU�WLPH�GRPDLQ�UHVSRQVH�FDOFXODWLRQ��7KUHH�RI�WKHVH�

WKDW�DUH�LQWHUHVWLQJ�IURP�WKH�V\VWHP�GHVLJQHU
V�SRLQW�RI�YLHZ��LQFOXGLQJ�WKH�))7�PHWKRG�

ZHUH� FRPSDUHG� IRU� HIILFLHQF\� DQG� DFFXUDF\� LQ� > @�� %HVLGHV� WKH� KLJK� H[HFXWLRQ5HI� ���

VSHHG�� WKH�PDLQ� DGYDQWDJH� RI� WKH� ))7�PHWKRG� LV� WKH� IDFW� WKDW�ZH� GRQ
W� HYHQ� KDYH� WR

NQRZ� WKH� H[DFW�PDWKHPDWLFDO� H[SUHVVLRQ� IRU� WKH� V\VWHP� IUHTXHQF\� UHVSRQVH�� EXW� RQO\

WKH�JUDSK�GDWD��L�H��LI�ZH�KDYH�PHDVXUHG�WKH�IUHTXHQF\�DQG�SKDVH�UHVSRQVH�RI�D�V\VWHP��

$OWKRXJK�WKH�PHWKRG�ZDV�GHVFULEHG�LQ�GHWDLO�LQ�> @��ZH�ZLOO�UHSHDW�KHUH�WKH�PRVW5HI� ���

LPSRUWDQW�VWHSV��WR�DOORZ�WKH�UHDGHU�WR�IROORZ�WKH�DOJRULWKP�GHYHORSPHQW�

7KHUH� DUH� � DVVRFLDWHG�ZLWK� WKH�GLVFUHWH�)RXULHU� WUDQVIRUP�� WKDWILYH�GLIILFXOWLHV�

ZH�ZLOO�KDYH�WR�VROYH �

D��WKH�LQDELOLW\�WR�WUDQVIRUP�VRPH�LQWHUHVWLQJ�IXQFWLRQV��L�H��WKH�XQLW�VWHS� �

E��WKH�FRUUHFW�WUHDWPHQW�RI�WKH�G�F��OHYHO�LQ�ORZ�SDVV�V\VWHPV �

F��SUHVHUYLQJ�DFFXUDF\�ZLWK�DV�OLWWOH�VSHFWUDO�LQIRUPDWLRQ�LQSXW�DV�SRVVLEOH �

G��ILQG�WR�ZKDW�H[WHQW�RXU�UHVXOW�LV�DQ�DSSUR[LPDWLRQ�GXH�WR�ILQLWH�VSHFWUDO�GHQVLW\ �

H��HTXDOO\�LPSRUWDQW��HVWLPDWH�WKH�HUURU�GXH�WR�ILQLWH�VSHFWUDO�OHQJWK�
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)LJ� ����� �� 7KH� LPSXOVH�� DQG� VWHS�UHVSRQVH� RI� WKH� � �RUGHU� %XWWHUZRUWK� V\VWHP�� 7KH� LPSXOVHWK

DPSOLWXGH� KDV� EHHQ� QRUPDOL]HG� WR� UHSUHVHQW� WKH� UHVSRQVH� WR� DQ� LGHDO�� LQILQLWHO\� QDUURZ�� LQILQLWH

DPSOLWXGH� LQSXW� LPSXOVH�� 7KH� LPSXOVH�UHVSRQVH� UHDFKHV� WKH� SHDN� YDOXH� DW� WKH� WLPH� HTXDO� WR� WKH

HQYHORSH�GHOD\�YDOXH�DW�G�F��� WKLV�GHOD\�LV�DOVR�WKH�KDOI�DPSOLWXGH�GHOD\�RI�WKH�VWHS�UHVSRQVH��7KH

VWHS�UHVSRQVH�ILUVW�FURVVHV�WKH�ILQDO�YDOXH�DW�WKH�WLPH�HTXDO�WR�WKH�HQYHORSH�GHOD\�PD[LPXP��$OVR

WKH�VWHS�UHVSRQVH�SHDN�YDOXH� LV� UHDFKHG�ZKHQ�WKH�LPSXOVH�UHVSRQVH�FURVVHV�WKH�]HUR�OHYHO�IRU� WKH

ILUVW�WLPH���,I�WKH�LPSXOVH�UHVSRQVH�LV�QRUPDOL]HG�WR�KDYH�WKH�DUHD��WKH�VXP�RI�DOO�VDPSOHV��HTXDO�WR

WKH�V\VWHP�G�F��JDLQ��WKH�VWHS�UHVSRQVH�ZRXOG�EH�VLPSO\�D�WLPH�LQWHJUDO�RI�LW�
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� ��������,PSXOVH�5HVSRQVH��8VLQJ�))7

7KH� EDVLF� LGHD� EHKLQG� WKLV� PHWKRG� LV� WKH� IDFW� WKDW� WKH� )RXULHU� WUDQVIRUP� LV� D

VSHFLDO� FDVH�RI� WKH�PRUH�JHQHUDO�/DSODFH� WUDQVIRUP�DQG� WKH�'LUDF� LPSXOVH� IXQFWLRQ� LV

VXFK� D� VSHFLDO� W\SH� RI� VLJQDO� IRU�ZKLFK� WKH� )RXULHU�WUDQVIRUP� VROXWLRQ� DOZD\V� H[LVWV�

&RPSDULQJ� �DQG� �DQG�WDNLQJ�LQ�DFFRXQW�WKDW� ��ZH�VHH �(T� ����� (T� �����  ~ b ��  

B <¸�²!³¹ ~ ¸�²! ¹� H �������³ c !�

� 6LQFH�WKH�FRPSOH[�SODQH�YDULDEOH� �LV�FRPSRVHG�RI�WZR�LQGHSHQGHQW�SDUWV��UHDO 
DQG� LPDJLQDU\��� WKHQ� �PD\�EH�WUHDWHG�DV�D�IXQFWLRQ�RI� WZR�LQGHSHQGHQW�YDULDEOHV�-² ³
7KLV� FDQ� EH� PRVW� HDVLO\� XQGHUVWRRG� E\� ORRNLQJ� DW� �� ZKHUH� WKH� FRPSOH[�)LJ� �����

IUHTXHQF\� UHVSRQVH� �PDJQLWXGH�� RI� D� ��SROH�%XWWHUZRUWK� IXQFWLRQ� LV� SORWWHG� DV� D� ��'

VXUIDFH�RYHU�WKH�/DSODFH�SODQH�

,Q�WKDW�SDUWLFXODU�FDVH�ZH�KDG �

-² 
² c  ³ ² ³ ² ³ ² ³ ² ³

³ ~
c      

c  c  c  c  
� � � � 	

� � � � 	� �
�������

ZKHUH� �KDYH�WKH�VDPH�YDOXHV�DV�LQ�WKH�H[DPSOH�DW�WKH�EHJLQQLQJ�RI� � � 	� 6HF� �����

:KHQ� �LQ� �JHWV�FORVHU�WR�WKH�YDOXH�RI�RQH�RI�WKH�SROHV�� ��WKHQ�  - ² (T� ����� L * *³
LQFUHDVHV�XQWLO�EHFRPLQJ�LQILQLWHO\�ODUJH�IRU� ~  À�
� /HW�XV�QRZ�LQWURGXFH�D�QHZ�YDULDEOH� �VXFK�WKDW ��

� ~  � ~ �
~ �

� �����RU ������ �������e
�

 

7KLV�KDV�WKH�HIIHFW�RI�FXWWLQJ�WKH�VXUIDFH�DORQJ�WKH�LPDJLQDU\�D[LV��DV�ZH�GLG�LQ

)LJ� ������� H[SRVLQJ� WKH� FXUYH� RQ� WKH� VXUIDFH� DORQJ� WKH� FXW�� ZKLFK� LV� �� RU� LQ* *-²� ³
ZRUGV��� WKH� FRPSOH[�IUHTXHQF\�UHVSRQVH�PDJQLWXGH�� �� $V�ZH� KDYH� LQGLFDWHG� LQ4² ³ 
)LJ� ������� ZH� VKRZ� LW� XVXDOO\� LQ� ORJ�ORJ� VFDOHG� SORW�� )RU� WKH� SXUSRVH� RI� WUDQVLHQW

UHVSRQVH� FDOFXOXV�� KRZHYHU�� D� OLQHDU� IUHTXHQF\� VFDOH� LV� DSSURSULDWH� � DV� LQ� ��)LJ� �����

VLQFH�ZH�QHHG�WKH�UHVXOW�RI�WKH�LQYHUVH�WUDQVIRUP�LQ�OLQHDU�WLPH�VFDOH�LQFUHPHQWV�

1RZ� DV�ZH� KDYH� HVWDEOLVKHG� WKH� FRQQHFWLRQ� EHWZHHQ� WKH� /DSODFH�WUDQVIRUPHG

WUDQVIHU� IXQFWLRQ� DQG� LWV� IUHTXHQF\� UHVSRQVH�� ZH� KDYH� DQRWKHU� SRLQW� WR� FRQVLGHU��

FRQYHQWLRQDOO\��WKH�)RXULHU�WUDQVIRUP�LV�XVHG�WR�FDOFXODWH�ZDYHIRUP�VSHFWUD��VR�ZH�QHHG

WR� HVWDEOLVK� WKH� UHODWLRQVKLS� EHWZHHQ� D� IUHTXHQF\� UHVSRQVH� DQG� D� VSHFWUXP��$OVR��ZH

PXVW�H[SORUH� WKH�HIIHFW�RI� WDNLQJ� �RI� WKH�WLPH�GRPDLQ�DQGGLVFUHWH�YDOXHV� VDPSOLQJ² ³
IUHTXHQF\�GRPDLQ� IXQFWLRQV�� DQG� VHH� WR�ZKDW� H[WHQW�ZH� � RXU� � E\DSSUR[LPDWH UHVXOWV

WDNLQJ� � � �7KRVH�UHDGHUV��ZKR�ZRXOGILQLWH OHQJWK�YHFWRUV�RI�ILQLWH GHQVLW\�VDPSOHG�GDWD�

OLNH� WR� HPEHG� WKH� LQYHUVH� WUDQVIRUP� LQ� D� PLFURSURFHVVRU� FRQWUROOHG� LQVWUXPHQW�� ZLOO

KDYH� WR�SD\�DWWHQWLRQ� WR� �DV�ZHOO��EXW� LQDPSOLWXGH�TXDQWL]DWLRQ��ILQLWH�ZRUG�OHQJWK�

0DWODE�WKLV�LV�QRW�DQ�LVVXH�

:H� KDYH� H[DPLQHG� WKH� 'LUDF� IXQFWLRQ� � DQG� LWV� VSHFWUXP� LQ�²!³
3DUW����6HF� ����� �� 1RWH� WKDW� WKH� VSHFWUDO� FRPSRQHQWV� DUH� VHSDUDWHG� E\� �" ~ � °;�

ZKHUH� � LV� WKH� LPSXOVH� UHSHWLWLRQ� SHULRG�� ,I� ZH� DOORZ� � WKHQ� �� ,Q� WKHVH; ; SB S�" 

FRQGLWLRQV� ZH� FDQ� KDUGO\� VSHDN� RI� GLVFUHWH� VSHFWUDO� FRPSRQHQWV� DV� WKH� VSHFWUXP� KDV
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EHFRPH� YHU\� GHQVH ��ZH� UDWKHU� VSHDN� RI� �$OVR�� LQVWHDG� RI� LQGLYLGXDOVSHFWUDO�GHQVLW\�

FRPSRQHQW
V� PDJQLWXGH�� ZH� VSHDN� RI� � DQG� IRU� � LW� LV� HVVHQWLDOO\VSHFWUDO�HQYHORSH �²!³
IODW�

+RZHYHU��LI�ZH�GR�QRW�KDYH�DQ�LQILQLWHO\�GHQVH�VSHFWUXP��WKHQ� �LV�VPDOO��EXW" 
QRW� ��DQG�WKLV�PHUHO\�PHDQV�WKDW�WKH�LPSXOVH�UHSHDWV�DIWHU�D�ILQLWH�SHULRG�� ; ~ °�� " 

�WKLV� LV� WKH�PDWKHPDWLFDO� HTXLYDOHQW� RI� WHVWLQJ� D� V\VWHP� E\� DQ� LPSXOVH� RI� D� GXUDWLRQ

PXFK� VKRUWHU� WKDQ� WKH� VPDOOHVW� V\VWHP� WLPH�FRQVWDQW� DQG� RI� D� UHSHWLWLRQ� SHULRG�PXFK

ODUJHU�WKDQ�WKH�ODUJHVW�V\VWHP�WLPH�FRQVWDQW��

1RZ� OHW�XV� WDNH� VXFK�DQ� LPSXOVH�DQG�SUHVHQW� LW� WR�D�V\VWHP�KDYLQJ�D�VHOHFWLYH

IUHTXHQF\� UHVSRQVH�� � VKRZV� WKH� UHVXOWV� ERWK� LQ� WLPH�� DQG� IUHTXHQF\�GRPDLQ)LJ� �����

�PDJQLWXGH���7KH�WLPH�GRPDLQ�UHVSRQVH�LV�REYLRXVO\�WKH�V\VWHP�LPSXOVH�UHVSRQVH��DQG

LWV�HTXLYDOHQW�LQ�WKH�IUHTXHQF\�GRPDLQ�LV�D�VSHFWUXP��ZKRVH�GHQVLW\�LV�HTXDO�WR�WKH�LQSXW

VSHFWUDO� GHQVLW\�� EXW� ZLWK� WKH� VSHFWUDO� HQYHORSH� VKDSHG� E\� WKH� V\VWHP� IUHTXHQF\

UHVSRQVH��7KH�FRQFOXVLRQ�LV�WKDW�ZH�RQO\�KDYH�WR�VDPSOH�WKH�IUHTXHQF\�UHVSRQVH�DW�VRPH

ILQLWH� QXPEHU� RI� IUHTXHQFLHV� DQG� SHUIRUP� D� GLVFUHWH�)RXULHU�WUDQVIRUP� LQYHUVLRQ� WR

REWDLQ�WKH�LPSXOVH�UHVSRQVH�

��� � �� �� �� ��� � �� �� ��
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7LPH���6DPSOLQJ�LQWHUYDO

,QSXW�,PSXOVH���

����6DPSOHV

7LPH���6DPSOLQJ�LQWHUYDO

,PSXOVH�5HVSRQVH

,QSXW�6SHFWUXP

)UHTXHQF\�;�6DPSOLQJ�LQWHUYDO )UHTXHQF\�;�6DPSOLQJ�LQWHUYDO

5HVSRQVH�6SHFWUXP

���)UHTXHQF\�FRPSRQHQWV

)LJ� ����� �� 7LPH�GRPDLQ� DQG� IUHTXHQF\�GRPDLQ� UHSUHVHQWDWLRQ� RI� D� ��SROH� %XWWHUZRUWK� V\VWHP

LPSXOVH� UHVSRQVH�� 7KH� VSHFWUDO� HQYHORSH� �RQO\� WKH� PDJQLWXGH� LV� VKRZQ� KHUH�� RI� WKH� RXWSXW� LV

VKDSHG� E\� WKH� V\VWHP� IUHTXHQF\� UHVSRQVH��ZKLOH� WKH� VSHFWUDO� GHQVLW\� UHPDLQV� XQFKDQJHG��)URP

WKLV� IDFW� ZH� FRQFOXGH� WKDW� WKH� WLPH�GRPDLQ� UHVSRQVH� FDQ� EH� IRXQG� IURP� D� V\VWHP� IUHTXHQF\

UHVSRQVH�XVLQJ�LQYHUVH�)RXULHU� WUDQVIRUP��+RUL]RQWDO�VFDOH�LV�WKH�QXPEHU�RI�VDPSOHV������LQ�WKH

WLPH�GRPDLQ�DQG����LQ�WKH�IUHTXHQF\�GRPDLQ���VHH�WH[W�IRU�H[SODQDWLRQ��
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,I�ZH�NQRZ�WKH�PDJQLWXGH�DQG�SKDVH�UHVSRQVH�RI�D�V\VWHP�DW�VRPH�ILQLWH�QXPEHU

RI�HTXDOO\�VSDFHG�IUHTXHQF\�SRLQWV��WKHQ�HDFK�SRLQW�UHSUHVHQWV �

- �� ² ³� �~ 4 ! c� � � �������

$V�WKH�FRQWULEXWLRQ�RI�IUHTXHQFLHV�ZKLFK�DUH�DWWHQXDWHG�E\�PRUH�WKDQ��VD\���� G%

FDQ� EH� QHJOHFWHG�� ZH� GRQ
W� KDYH� WR� WDNH� LQWR� DFFRXQW� DQ� LQILQLWHO\� ODUJH� QXPEHU� RI

IUHTXHQFLHV��DQG�WKH�IDFW�WKDW�ZH�GRQ
W�KDYH�DQ�LQILQLWHO\�GHQVH�VSHFWUXP�PHUHO\�PHDQV

WKDW� WKH� LQSXW� LPSXOVH� UHSHDWV� LQ� WLPH��7KHQ�� DSSO\LQJ� WKH� VXSHUSRVLWLRQ� WKHRUHP�� WKH

RXWSXW�LV�HTXDO�WR�WKH�VXP�RI�DOO�WKH�VHSDUDWH�IUHTXHQF\�FRPSRQHQWV�

7KXV�IRU�HDFK�WLPH�SRLQW�WKH�FRPSXWHU�PXVW�SHUIRUP�WKH�DGGLWLRQ �

� ²! ³ ~ 4 �� ² ! c ³� � �

²

²

��� ��������
� ³

� ³

� �

 

 

PLQ

PD[

 �

(T� ������LV�WKH� �ZLWK�WKH�H[SRQHQWLDO�SDUW�H[SUHVVHGGLVFUHWH�)RXULHU�WUDQVIRUP�

LQ� WULJRQRPHWULF� IRUP�� +RZHYHU�� LI� ZH� ZRXOG� SORW� WKH� UHVSRQVH� FDOFXODWHG� DIWHU

(T� �������ZH�FRXOG�VHH�WKDW� WKH� WLPH�D[LV� LV�UHYHUVHG�DQG��IURP�WKH�WKHRU\�RQ�)RXULHU�

WUDQVIRUP� SURSHUWLHV� �V\PPHWU\� SURSHUW\�� > @��� ZH� NQRZ� WKDW� WKH5HI������� S����

DSSOLFDWLRQ�RI�WZR�VXFFHVVLYH�)RXULHU�WUDQVIRUPV�UHWXUQV�WKH�RULJLQDO�IXQFWLRQ�EXW�ZLWK

UHYHUVHG�VLJQ�RI�WKH�LQGHSHQGHQW�YDULDEOH �

< < <  F G¸�²!³¹ ~ ¸-²� ³¹ ~ �² c !³ �������

RU�PRUH�JHQHUDOO\ �

�²!³ - ²� ³ �² c !³ - ² c � ³ �²!³� � � � � � � � �������
< < < <

< < < <

S S S S
R R R R
c� c� c� c�

  

7KH�PDLQ�GUDZEDFN�LQ�XVLQJ� �LV�WKH�KLJK�WRWDO�QXPEHU�RI�RSHUDWLRQV��DV(T� �����

WKHUH�DUH�WKUHH�LQSXW�GDWD�YHFWRUV�RI�HTXDO�OHQJWK�� �� �� ��DQG�HDFK�FRQWULEXWHV�WR�HYHU\ �0

WLPH�SRLQW�UHVXOW��,W�VHHPV�WKDW�JUHDWHU�HIILFLHQF\�PLJKW�EH�REWDLQHG�E\�XVLQJ�WKH�LQSXW

IUHTXHQF\�UHVSRQVH�GDWD�LQ�WKH�FRPSOH[�IRUP��ZLWK�WKH�IUHTXHQF\�YHFWRU�UHSUHVHQWHG�E\

WKH�LQGH[�RI�WKH� �YHFWRU�-²� ³

1RZ� � LQ� LWV� FRPSOH[� IRUP� LV� D� WZR�VLGHG� VSHFWUXP�� DV� LW�ZDV� VKRZQ� LQ-²� ³
)LJ� ������� DQG�ZH�DUH�RIWHQ� IDFHG�ZLWK�RQO\�D� VLQJOH�VLGHG�VSHFWUXP�� ,W� FDQ�EH� VKRZQ

WKDW�D�UHDO�YDOXHG� �ZLOO�DOZD\V�KDYH� �V\PPHWULFDO�DERXW�WKH�UHDO�D[LV� ��7KXV ��²! - ²�³ ³ �

- ³ ~ -5 7²� ² c � ³   �������

- - � � -²�5 7� DQG� � DUH� WKH� �� DQG� �� SDUWV� RI� �� ZLWK� WKHLU� LQYHUVH   ³
WUDQVIRUPV�ODEHOHG� �DQG� �� ²! � ²!5 7³ ³

7KLV�V\PPHWU\�SURSHUW\�IROORZV�IURP�WKH�GHILQLWLRQ�RI�WKH� �QHJDWLYH IUHTXHQF\

FRQFHSW �� LQVWHDG� RI� KDYLQJ� D� VLQJOH� SKDVRU� URWDWLQJ� FRXQWHU�FORFNZLVH� �SRVLWLYH� E\

GHILQLWLRQ�� LQ� WKH� FRPSOH[� SODQH�� ZH� FDQ� DOZD\V� KDYH� WZR� KDOI�DPSOLWXGH� SKDVRUV

URWDWLQJ�LQ�RSSRVLWH�GLUHFWLRQV�DW�WKH�VDPH�IUHTXHQF\��DV�ZH�KDYH�DOUHDG\�VHHQ�LW�GUDZQ

LQ� ��IRU�YHFWRU�DQDO\VLV��VHH� ���:H�FDQ�WKHUHIRUH�FRQFOXGH�WKDW3DUW � ��)LJ� ����� )LJ� �����
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WKH� LQKHUHQW� FRQMXJDWH� V\PPHWU\� RI� WKH� FRPSOH[� SODQH� DOORZV� XV� WR� GHILQH� �QHJDWLYH

IUHTXHQF\��DV�D�FORNZLVH�URWDWLQJ��KDOI�DPSOLWXGH�SKDVRU��EHLQJ�WKH�FRPSOH[�FRQMXJDWH

RI� WKH� XVXDO� FRXQWHU�FORFNZLVH� �SRVLWLYH� E\� GHILQLWLRQ�� URWDWLQJ� �EXW� QRZ� DOVR� KDOI�

DPSOLWXGH��SKDVRU��$QG�WKLV�LV�QRW�MXVW�D�IDQF\�ZD\�RI�PDNLQJ�VLPSOH�WKLQJV�FRPSOH[�

EXW� LV� UDWKHU� D� GLUHFW� FRQVHTXHQFH�RI�RXU�GLVOLNH�RI� VLQH�FRVLQH� UHSUHVHQWDWLRQ�DQG� WKH

SUHIHUHQFH� IRU� WKH� FRPSOH[�H[SRQHQWLDO� IRUP�� ZKLFK� LV� PXFK� VLPSOHU� WR� KDQGOH

DQDO\WLFDOO\�

2QH� LQWHUHVWLQJ� DVSHFW� RI� WKH� QHJDWLYH�IUHTXHQF\� FRQFHSW� LV� WKH� 6KDQQRQ

VDPSOLQJ�WKHRUHP ��IRU�D�FRQWLQXRXV�VLJQDO��VDPSOHG�ZLWK�D�IUHTXHQF\� ��QR�DGGLWLRQDO�V
LQIRUPDWLRQ�FDQ�EH�H[WUDFWHG�IURP�WKH�IUHTXHQF\�UDQJH�EHWZHHQ� �DQG� ��VLQFH�WKH� °� �V V

UHVXOWLQJ�VSHFWUXP�LV�V\PPHWULFDO�DERXW� ��7KLV�PHDQV�WKDW�D�IUHTXHQF\�HTXDO�WR�� °� �V V

FDQ�QRW�EH�GLVWLQJXLVKHG�IURP�D�G�F��OHYHO�DQG�DQ\�IUHTXHQF\�LQ�EHWZHHQ�� �� °� � � � �V V

FDQ�QRW�EH�GLVWLQJXLVKHG�IURP� ��7KH� �LV�FDOOHG�WKH� �� c � � °�V V 1\TXLVW�IUHTXHQF\

%XW�SOHDVH��DOVR�QRWH� WKDW� WKLV��QHJDWLYH� IUHTXHQF\��GRHV�QRW�QHFHVVDULO\� LPSO\

�QHJDWLYH� WLPH��� VLQFH� WKH� QHJDWLYH� WLPH� LV� GHILQHG� DV� WKH� WLPH� EHIRUH� VRPH� DUELWUDU\

LQVWDQW� � DW� ZKLFK� WKH� VLJQDO� ZDV� DSSOLHG�� ,Q� FRQWUDVW�� WKH� QHJDWLYH�IUHTXHQF\! ~ �
UHVSRQVH�LV�MXVW�RQH�KDOI�RI�WKH�IXOO�GHVFULSWLRQ�RI�WKH� �VLJQDO�! � �

+RZHYHU��WKRVH�UHDGHUV�ZKR�ZLOO�H[SORUH�WKH�SURSHUWLHV�RI�WKH�+LOEHUW�WUDQVIRUP

ZLOO�OHDUQ�WKDW�WKLV�VDPH�FRQFHSW�FDQ�EH�H[WHQGHG�WR�WKH� �VLJQDO�UHJLRQ��EXW�WKLV�LV! � �
EH\RQG�WKH�VFRSH�RI�WKLV�WH[W�
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)LJ� ����� � D�� $V� LQ� �� EXW� LQ� D� VOLJKWO\� GLIIHUHQW� SHUVSHFWLYH�� � WKH� UHDO� VLJQDO3DUW ��� )LJ� �����

LQVWDQWDQHRXV� DPSOLWXGH� D �� ZKHUH� �� � WKH� UHDO� SDUW� RI� WKH� LQVWDQWDQHRXV²!³ ~ ( ~ !VLQ� �  E�

VLJQDO� SKDVRU�� �$ �D �� FDQ� EH� GHFRPSRVHG� LQWR� WZR� KDOI�DPSOLWXGH�� RSSRVLWHG ~ ~ (
S SD E VLQ�

URWDWLQJ�� FRPSOH[�FRQMXJDWH� SKDVRUV�� �� 7KH� VHFRQG� WHUP� KDV� URWDWHGc b ² c ³( (
�� ��VLQ VLQ� �

E\� � DQG�� VLQFH� � LV� REYLRXVO\� SRVLWLYH� �VHH� WKH� � JUDSK��� WKH� QHJDWLYH� VLJQ� LVc ~ c ! !�  D�

DWWULEXWHG�WR� ��WKXV�� � FORFNZLVH�URWDWLRQ�LV�LQWHUSUHWHG�DV�D��QHJDWLYH�IUHTXHQF\�
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(T� ������FDQ�WKXV�EH�XVHG�WR�JLYH �

-²� ³ ~ - 7 7²� ³ b - ² c � ³   �������

EXW�IURP �(T� �����

<c�
7 7F-  ² c � ³ ~ � ²!³ G ��������

KHQFH�� XVLQJ� � DQG� � DQG� WDNLQJ� LQWR� DFFRXQW� WKH� FDQFHOODWLRQ� RI(T� ����� (T� ������

LPDJLQDU\�SDUWV��ZH�JHW �

�²!³ ~ � ²!³ b � ²!³ ~ � G � ²!³7 77
 � ��������F G

(T� ������PHDQV� WKDW� LI� � LV� WKH� �� SDUW� RI� WKH� )RXULHU�WUDQVIRUPHG- ²� ³ �7   

UHDO�YDOXHG� IXQFWLRQ� �� LWV� )RXULHU�WUDQVIRUP� LQYHUVLRQ� � ZLOO� EH� D� FRPSOH[�²!³ �7 ²!³
IXQFWLRQ� ZKRVH� UHDO� SDUW� LV� HTXDO� WR� �� 6XPPLQJ� WKH� FRPSOH[�FRQMXJDWH� SDLU�²!³°�
UHVXOWV�LQ�D�GRXEOHG�UHDO�YDOXHG� ��6R��E\� �DQG� ��ZH�FDQ�FDOFXODWH�²!³ (T� ������ (T� ������

WKH� V\VWHP� LPSXOVH� UHVSRQVH� IURP� MXVW� RQH�KDOI� RI� LWV� FRPSOH[�IUHTXHQF\� UHVSRQVH

XVLQJ� IRUZDUG �)RXULHU�WUDQVIRUP��QRW�LQYHUVH�� �

�²!³ ~ � G - ²� ³J K@ AF G<  7
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1RWH� WKDW� WKH� VHFRQG� �RXWHU�� FRPSOH[�FRQMXJDWH� LV� KHUH� RQO\� WR� VDWLVI\� WKH

PDWKHPDWLFDO�FRQVLVWHQF\��� LQ�WKH�DFWXDO�DOJRULWKP�LW�FDQ�EH�VDIHO\�RPLWWHG��VLQFH�RQO\

WKH�UHDO�SDUW�LV�UHTXLUHG�

$V� WKH� RSHUDWRU� � LQ� � LPSOLHV� LQWHJUDWLRQ�� ZH� PXVW� XVH� WKH<¸ ¹ (T� ������

GLVFUHWH )RXULHU WUDQVIRUP� �')7�� � � IRU� FRPSXWDWLRQ�� 7KH� ')7� FDQ� EH� GHILQHG� E\

GHFRPSRVLQJ�WKH�)RXULHU�WUDQVIRUP�LQWHJUDO�LQWR�D�ILQLWH�VXP�RI� �HOHPHQWV �5

-²�³ ~ �²�³�
5

�~�
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� � H ��������� c� � �� �
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�

7KDW�PHDQV� JRLQJ� DJDLQ� WKURXJK� D� ODUJH� QXPEHU� RI� RSHUDWLRQV�� FRPSDUDEOH� WR

(T� ����� �� ,QVWHDG�� ZH� FDQ� DSSO\� WKH� � DOJRULWKP� DQG�IDVW�)RXULHU�WUDQVIRUP� �))7�

RZLQJ�WR�LWV�H[FHOOHQW�HIILFLHQF\��VDYH�WKH�FRPSXWHU�D�JUHDW�GHDO�RI�ZRUN�

&RROH\ 7XNH\�DQG� �> @�KDYH�VKRZQ�WKDW�LI� �DQG� �LQWHJHU��WKHUH�LV5HI����� 5 ~ � ))

D�VPDUW�ZD\�WR�XVH� ��GXH�WR�WKH�SHULRGLFDO�QDWXUH�RI�WKH�)RXULHU�WUDQVIRUP��,I(T� ������

(T� ������� LV� H[SUHVVHG� LQ� D� PDWUL[� IRUP�� WKHQ� WKH� PDWUL[�� ZKLFK� UHSUHVHQWV� LWV

H[SRQHQWLDO� SDUW�� FDQ� EH� GLYLGHG� LQWR� LWV� HYHQ� DQG� RGG� SDUW� DQG� WKH� HYHQ� SDUW� FDQ� EH

DVVLJQHG�WR� �HOHPHQWV��7KH�UHPDLQLQJ�SDUW�FDQ�WKHQ�DOVR�EH�GLYLGHG�DV�EHIRUH�DQG5°�
WKH�VDPH�SURFHVV�FDQ�WKHQ�EH�UHSHDWHG�RYHU�DQG�RYHU��VR�WKDW�ZH�HQG�XS�ZLWK�D�QXPEHU

�ORJ � �� RI� LQGLYLGXDO� VXE�PDWULFHV��)XUWKHU�� LW� FDQ�EH� VKRZQ� WKDW� WKHVH� VXE�PDWULFHV� 5
FRQWDLQ� RQO\� WZR� QRQ�]HUR� HOHPHQWV�� RQH� RI� WKHP� EHLQJ� DOZD\V� XQLW\� � � RU� ��� 6R�� �
PXOWLSO\LQJ� E\� HDFK� RI� WKH� IDFWRU�PDWULFHV� UHTXLUHV� RQO\� � FRPSOH[�PXOWLSOLFDWLRQV�5
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)LQDOO\� �RU� ILUVWO\��GHSHQGLQJ�RQ�ZKHWKHU�ZH�DUH�XVLQJ� WKH�GHFLPDWLRQ�LQ�IUHTXHQF\�RU

GHFLPDWLRQ�LQ�WLPH� DOJRULWKP���ZH� UHDUUDQJH� WKH� GDWD�� E\�ZULWLQJ� WKH� SRVLWLRQ�RI� HDFK

PDWUL[�HOHPHQW�LQ�D�ELQDU\�IRUP�DQG�WKHQ�UHYHUVLQJ�WKH�ELQDU\�GLJLWV���UHVKXIIOLQJ����7KH

WRWDO�QXPEHU�RI�PXOWLSOLFDWLRQV�LV�WKXV� ORJ �LQVWHDG�RI�WKH� �UHTXLUHG�WR�PXOWLSO\5 5 5�
�

LQ�RQH�VWHS��2WKHU�RSHUDWLRQV�DUH�VLPSOH�DQG�IDVW� WR�H[HFXWH��DGGLWLRQ��FKDQJH�RI�VLJQ�

FKDQJH� RI� RUGHU��� 7KXV�� LQ� WKH� FDVH� RI� �� �� DQG� ORJ �) ~ �� 5 ~ ���� 5 5 ~ ������

ZKLOH� �� � LQ� QXPEHU� RI5 ~ ����	�
� VR� D� WZR� RUGHUV� RI� PDJQLWXGH� UHGXFWLRQ

PXOWLSOLFDWLRQV�LV�DFKLHYHG�

0DWODE�KDV�D�FRPPDQG�QDPHG��))7��ZKLFK�XVHV�WKH�UDGL[���W\SH�DOJRULWKP�DQG

ZH�ZLOO�XVH�LW�DV�LW� LV��7KRVH�UHDGHUV��ZKR�ZRXOG�OLNH�WR�LPSOHPHQW�WKH�))7�DOJRULWKP

E\�WKHPVHOYHV��FDQ�ILQG�WKH�GHWDLOHG�WUHDWPHQW�LQ�> �� �DQG� @�5HI����� ��� ����

$�SURSHUW\�RI�WKH�))7�DOJRULWKP�LV�WKDW�LW�UHWXUQV�WKH�VSHFWUXP�RI�D�UHDO�YDOXHG

VLJQDO� DV� IROGHG� DERXW� WKH�1\TXLVW� IUHTXHQF\� �RQH�KDOI� RI� WKH� IUHTXHQF\� DW�ZKLFK� WKH

VLJQDO� ZDV� VDPSOHG��� $V� ZH� KDYH� VHHQ� LQ� �� LI� ZH� KDYH� WDNHQ� ���� VLJQDO)LJ� �����

VDPSOHV��WKH�))7�UHWXUQV�WKH�ILUVW����VSHFWUDO�FRPSRQHQWV�IURP� �� �� � �� �EXW ~ � � � Ä 
�
WKHQ�WKH�UHPDLQLQJ����FRPSRQHQWV��ZKLFK�DUH�WKH�FRPSOH[�FRQMXJDWH�RI�WKH�ILUVW�RQHV�

LQ� WKH� UHYHUVHG� RUGHU�� 7KLV� LV� LQ� FRQWUDVW� WR�ZKDW�ZH�ZHUH� XVHG� WR�� DV�ZH� H[SHFW� WKH

FRPSOH[�FRQMXJDWH�SDUW�WR�EH�RQ�WKH� �VLGH�RI�WKH�VSHFWUXP��2Q�WKH�RWKHU�KDQG��WKLV � �
LV� HTXLYDOHQW�� VLQFH� WKH� ���� SRLQWV� WDNHQ� LQ� WKH� VLJQDO� WLPH�GRPDLQ� ZLQGRZ� DUH

LPSOLFLWO\�DVVXPHG�WR�UHSHDW�DQG��FRQVHTXHQWO\��WKH�VSHFWUXP�LV�DOVR�UHSHDWLQJ�HYHU\����

SRLQWV��6R��LI�ZH�XVH�WKH�VWDQGDUG�LQYHUVH�))7�SURFHGXUH��ZH�PXVW�WDNH�LQWR�DFFRXQW�DOO

����VSHFWUDO� FRPSRQHQWV� WR�JHW�RQO\����SRLQWV�RI� WKH�VLJQDO�EDFN��+RZHYHU��QRWH� WKDW

WKH� � � �WR�UHWXUQ� �SRLQWV(T� ������ UHTXLUHV�RQO\�D�VLQJOH VLGHG�VSHFWUXP�RI� �SRLQWV5 5
RI� WKH� LPSXOVH� UHVSRQVH�� 7KLV� LV�� FOHDUO\�� DQ� � � LQDGGLWLRQDO� WZR IROG� LPSURYHPHQW

DOJRULWKP�HIILFLHQF\�
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7R�FRQWLQXH�ZLWK�RXU�� �RUGHU�%XWWHUZRUWK�H[DPSOH��ZH�FDQ�QRZ�FDOFXODWH�WKHWK

LPSXOVH�DQG�VWHS�UHVSRQVH�E\�XVLQJ�WKH� �URXWLQH �75(63

�>]�S@ EXWWDS������ ��WKH��WK�RUGHU�%XWWHUZRUWK�V\VWHP�SROHV
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L
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V
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�SORW�W��������,��������W��������6��������
��������������������������SORW�����SRLQWV�RI�,�DQG�6�YV��W

7KH�UHVXOWV�VKRXOG�ORRN�MXVW�OLNH� ��+HUH�LV�WKH� �URXWLQH �)LJ� ����� 75(63

IXQFWLRQ�>\�W@ WUHVS�)�Z�U�J�
�75(63���7UDQVLHQW�5(63RQVH��XVLQJ�)DVW�)RXULHU�7UDQVIRUP�DOJRULWKP�
�����&DOO���>\�W@ WUHVS�)�Z�U�J��
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X
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��$XWKRU��� (ULN�0DUJDQ����������/DVW�UHY����������)UHH�RI�FRS\ULJKW�
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X
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