ELSEVIER
SAUNDERS

POSITRON
EMISSION
TOMOGRAPHY

Advances in PET Image

Reconstruction

Andrew J. Reader, Php®*, Habib Zaidi, php, PDP

m Foundations for image reconstruction:
representation of the object and the
data

Object representation
Data representation
®m Analytic image reconstruction methods
m Iterative image reconstruction methods
The system matrix and the parameters
Objective functions
Direct algorithms

Iterative algorithms
Updating methods
Regularization
Decomposition of the system matrix,
including attenuation, normalization,
scatter, and randoms
Four-dimensional methods
= Summary
m References

PET image reconstruction usually involves the
generation of three-dimensional (3D) images of ara-
diotracer’s concentration to estimate physiologic pa-
rameters for volumes of interest in vivo. To enhance
the functional information, often a time sequence of
these 3D images is required so that time-activity
curves for each particular volume of interest can be
obtained. These time-activity curves can then be
fitted with a kinetic model from which functional
parameters (such as the metabolic rate of glucose
or blood flow) can be estimated. The key point to
note is that a PET scanner does not measure the
space-time-dependent radiotracer concentration di-
rectly. Instead, the annihilation photon pairs arising
from the positron emissions are externally detected
by the PET scanner and recorded as event histograms
(sinograms or projection data) or as a list of
recorded photon-pair events (list-mode data). In
some cases, the data may even be backprojected to

form backprojected images, as a means of data com-
pression, with only minimal loss in spatial preci-
sion. Figs. 1 and 2 illustrate the basic formats of
data that can be acquired by a PET scanner, indicat-
ing how the measured data are indirect measure-
ments of the unknown activity distribution.
Indirect measurement is the problem that image re-
construction seeks to solve. Projections/sinograms
are the most popular data format, but as more attri-
butes for each PET event are recorded (ie, not only
the coordinates of the two detected photons but
also energy and timing measurements), list-mode
data can become more practical for data storage
without loss of information. Although the problem
of image reconstruction has conventionally been
one of determining the space-time-dependent
radioactivity concentration in vivo, there is also
a move toward the direct estimation of functional
parametric images from the raw PET data.
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Point Source

Activity distribution

Sinogram: after 6 events

MEASURED DATA m

Data acquisition

Sinogram: after 1000 events

Emits 2 photons: an event detected

List-mode data: after 6 events

s=-40.6 ¢ =106.9°

s=—46.1 ¢ =134.8°

s=-356 ¢ =173.2°
s=-33.1 ¢ =91.2°
s=—456 ¢ =138.1°
s= 208 ¢ =18.7°

Backprojected image: after 6 events

i) list-mode, ii) sinograms/projections or iii) backprojected images

The three main formats of PET measured data, shown for the simplified case of 2D PET. (Top left) Any
radioactivity distribution can be regarded as a collection of point source emitters of different intensities (a single
point source example is shown for clarity). (Top middle) The radioactivity distribution emits back-to-back photon
pairs that may be detected by the PET detectors surrounding the field of view (FOV). Each event is usually asso-
ciated with a pair of detection points outside the FOV (eg, rq, ), and these two points define a line that can be
parameterized by a distance s from the origin, and an angle ¢. (Top right) Each detected event can be recorded
in a list-mode file (often the raw detection coordinates are recorded, along with any other information such as
photon energy). (Bottom left) Each detected event can also be accumulated into a sinogram, which has sampling
intervals (“bins”) in s and in ¢ to histogram the events. (Bottom middle) Note that after many events, a point
source results in a sine wave on the sinogram (hence the name) and that each point (s,$) on the sinogram is
approximately equal to a line integral through the radioactivity distribution. (Bottom right) An alternative is
to backproject the events along their lines of detection. Note that s corresponds to the y’ used in

Initially this article concerns one-step analytic
image reconstruction techniques, which operate
on the measured PET projection data to estimate
the radiotracer concentration within cubic volume
elements (voxels). These methods are applied for
each time frame of acquired data, thus providing
a time-series of 3D images that can subsequently
be used for postreconstruction kinetic analysis to
estimate functional parameters. These analytic
methods have the advantage of being relatively
fast to use and linear and, as a result, they have
a good track record for producing reliable quantita-
tive PET images. The article then considers iterative
image reconstruction methods, which have the ad-
vantages of complete flexibility in modeling the PET
data acquisition process and the corresponding

freedom in specifying the parameters to estimate.
Conventionally, the parameters to estimate are the
values (representing radiotracer concentration) in
voxels, and the PET data acquisition model is that
of taking sets of line-integrals to form projections
(ie, the Radon or 3D x-ray transform ). If voxel
values are chosen as the parameters to estimate and
if the line-integral imaging model is used, then iter-
ative reconstruction methods (when run to conver-
gence on high-statistics data) often give results
broadly comparable to analytic reconstruction.
There is an increasing trend, however, toward
more fully exploiting the capacities of iterative re-
construction techniques through the use of more
accurate and complex modeling of the PET
acquisition process. Such modeling can be based



on analytic methods or direct measurements
(eg, see Refs. [3-7]) or on Monte Carlo methods
([9-11]). In addition, iterative methods easily
accommodate different choices of the parameters
to be estimated. (Rather than pixel or voxel values,
one can consider coefficients for spherically sym-
metric “blob” basis functions | 12,13, “natural pixels”
[14-16], or even directly specifying kinetic parame-
ters as the unknowns to be estimated [17,18].)

This article covers the foundations of image
reconstruction, with an emphasis on advances
and future directions for PET image reconstruction.
Recent reviews by Lewitt and Matej [ 19| and Qi and
Leahy [20] and the textbooks by Barrett and Myers
[21] and Zaidi [22] also offer excellent comprehen-
sive coverage of image reconstruction algorithms
and the foundations of image science appropriate
to PET.

Foundations for image reconstruction:
representation of the object and the data

Object representation

The unknown space-time radiotracer distribution
can be regarded as a continuous function f(r,7),
specifying the radiotracer concentration (in units
such as MBg/mL or mCi/mL) for all spatial locations
r = [xyz]"attime 7. It is not practical to measure and
reconstruct such a continuous function; this would
require essentially infinite levels of sampling and
quantities of measured data. Since both sampling
and data quantities are limited, a resolution-limited
representation of the function f is usually consid-
ered, through the use of a set of j = 1...J spatial basis
functions «;(r) and a set of b = 0...B-1 temporal ba-
sis functions B,(7). In the first instance, consider the
time-independent case such that the continuous
function f is approximated by

J
fl) = > gay(r) (1)

j=1

where ¢ = {q}, is a J-dimensional vector, holding
the coefficients for each of the j = 1...J spatial basis
functions that cover the field of view (FOV) of the
PET scanner. The most common choice for the
spatial basis function «(r) is the voxel such that
the vector c simply holds the voxel values and can
be interpreted directly (after appropriate rearrange-
ment of the elements) as a two-dimensional (2D)
or 3D image. To extend Equation 1 to the time-
dependent case, the vector ¢ can be extended to
include the coefficients for the temporal basis
functions such that f is now represented by

J
> ey (r)By(7) &)
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where c is now a JB-dimensional vector, holding the
coefficients for each spatial basis function for each
of the temporal basis functions. The most common
choice for the temporal basis function is the top-hat
function such that the function f is composed of
distinct time frames, each of which is considered in-
dependently from the others. Note that Equation 2
assumes that the function f can be created from fac-
torized spatiotemporal basis functions, rather than
more general nonfactorizable spatiotemporal bases
v(r,t). For the case of orthogonal basis functions
(eg, pixels/voxels or the Fourier basis), the elements
of the JB-dimensional vector of coefficients ¢ are
specified by

Citby = //f(r,r)aj(r)ﬁb(r)drdr (3)

for which the time-independent case (setting b = 0)
is simply

¢ = /f(r)ozj(r)dr (4)

It should be emphasized that Equations 3 and 4
only hold for orthogonal basis functions (eg, vox-
els for the spatial functions «(r), top-hat functions
for the temporal functions (), or the Fourier ba-
sis functions, and so forth). The use of nonorthog-
onal basis functions is possible, but in such a case,
even finding the coefficients vector ¢ when the
function f is actually known is in itself an inverse
problem. This, however, reveals yet another advan-
tage of iterative reconstruction methods: nonor-
thogonal basis functions can be easily used and
accounted for by the system model such that the
coefficients vector c is estimated directly. The sys-
tem model is considered in detail in the following
sections.

Data representation

The acquired PET data are usually projections (sino-
grams or 2D parallel projections) or a list-mode file
(although image-based storage such as 3D backpro-
jected images can also be used, see Figs. 1 and 2).
List-mode data and projection data can be regarded
as a single IT-dimensional vector m, holding the
number of counts detected by each of thei = 1...I
elements in the measurement space (often these
elements are PET detector pairs, commonly referred
to as “lines of response” [LORs]) at each of the
t = 1...T time sample points. For the case of list-
mode data, there is no grouping or resampling
(“binning”) of the data: information on the exact
detector pair i that detected each event, along with
the precise time sample point ¢, is retained by list-
mode data (along with additional information
such as energy and difference in arrival time of
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SINOGRAM BACKPROJECTED IMAGE

TRy
m = Ac + noise A™m = ATAc + noise

the photons, in which case the number I of mea-
surement elements would be correspondingly
larger). Such precision can be equaled through
the use of finely sampled projection data bins
(one for each possible event that could be

() (ol

detected), but this often becomes impractical due
to the large number of detector pairs employed by
state-of-the-art PET systems (eg, [ = 4.5 x 10° for
the high-resolution research tomograph (HRRT)

).




Considering first the time-independent case, each
element i of the mean q of the noisy PET measured
data m is modeled by

a=Em| = [ st o (5)

where s/(r) is a function describing the PET scan-
ner sensitivity (for all spatial locations r) to a radio-
tracer distribution for a given detector pair i, and
also for a given linear attenuation coefficient distri-
bution p(r). The functions s#* (r) can in fact be
regarded as probability images, whereby the func-
tion value is related to the probability of a positron
emission from location r giving rise to an event
being detected by detector pair i (see the later
discussion on the system matrix, and Fig. 3). For
the time-dependent case, the mean q of the noisy
(ie, count-limited) PET measured data m is mod-
eled by

Giva = E[miq) = /(/Arrf(r, T)df)sﬁ-‘(r)dr (6)

where the 7 (time) integral is over the time interval
AT, related to the temporal resolution of the time
sample t. Conventionally, the set of functions s
(i = 1...I) used in Equations 5 and 6 are tubes of
response (or LORs) through the FOV, which is
why the i = 1...I detector pairs are also referred to
as LORs. Using LORs makes Equation 5 equivalent
to a line-integral; see Equation 7. In addition, con-
ventionally, the set of spatial basis functions a;(r) in
Equations 1 to 4 are voxels, with the temporal basis
functions §; being top-hat functions. Such a choice
for the four-dimensional (4D) volume elements
isolates a unique subspace of the space-time vol-
ume; however (as is considered later), given the
count-limited nature of the acquired data m, there
are advantages in considering basis functions
that are nonorthogonal and overlap in space-
time. Finally, it is worth noting in Equation 5
that if the spatial basis functions «;(r) correspond
to si(r) and if these functions are orthogonal,
then there is no longer a spatial inverse problem

<
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because Equation 4 is immediately obtained, giv-
ing all that is necessary to estimate the function f
in Equation 1. A similar argument holds for
Equations 6 and 3. Hence, it is the difference be-
tween the functions o(r) and s(r) (or if they
match but are not an orthogonal set of functions)
that encapsulates the image reconstruction
problem.

Analytic image reconstruction methods

For analytic reconstruction, the approximation of
Equation 1 is not assumed; the inverse problem is
formulated in a continuous framework and the
practical implementation is performed as a discrete
approximation of the continuous solution. Also,
time-dependent reconstruction is handled as a series
of independent “static” reconstructions, so only the
time-independent case is considered here. The fun-
damental assumption of analytic inversion formu-
lae is that a 2D parallel projection representing
a set of LORs p(s, u)is equal to a set of line integrals
through the radioactivity distribution f(r) (the 3D
x-ray transform) [1]:

+ o

p(s.4) = / f(s+x't)d’ (7)

—®

where the 3D vector r in the imaging volume is
decomposed into the 2D parallel projection posi-
tion vector s =[)’ z]7 and the one-dimensional
(1D) orientation unit vector x'u (Fig. 4). This
line-integral equation can be seen as a special case
of Equation 5, whereby the continuous functions
s*i(r) are now lines through the FOV, with each de-
tector-pair regarded as an LOR i (specified by a dis-
placement s from the center of the FOV and an
orientation u=(¢,f)) and with the vector q re-
placed by the continuous function p. Effects such
as photon attenuation and normalization for
detector nonuniformities can be accounted for as
multiplicative corrections to these line integrals,
and photon scatter and random events need to be
subtracted from the measured data before the

Fig. 2. Four examples of activity distributions (left column) and their corresponding sinograms (middle column)
and backprojected images (right column) for the simplified case of 2D PET. (First row) A positron emitting point
source gives rise to a single sine wave of corresponding intensity on the sinogram, and a (1/r) distribution (the
point response function (PRF)) in the backprojected image. (Second row) A collection of point sources gives rise
to a corresponding number of sine waves on the sinogram, and a set of PRFs in the backprojected image. (Third
row) A more general radioactivity distribution can be regarded as a collection of point sources of various inten-
sities; hence, the sinogram is a superposition of sine waves of corresponding intensities for each of these points,
and the backprojected image is a superposition of PRFs of corresponding intensities. (Fourth row) A brain activ-
ity distribution [8]. Since in this case of 2D PET the point response function in the backprojected image is shift-
invariant, the simple model of convolution can be used and reconstruction can be achieved by deconvolution.
Annotations using the vector c and the matrix A are added for reference in later sections of the text.
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Line integral model

Line integral model

Time of flight (TOF) model
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Time of flight (TOF) model
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Single scatter model
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Single scatter model
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Illustrative example of rows and columns of the system matrix A for different imaging models (the simple
case of using pixels with 2D PET is considered). (Top row) Three examples of a single row i of the matrix A (a row
is equivalent to an image) are shown for the case of the line integral model, a model using time-of-flight infor-
mation, and incorporating scatter into the system matrix. Forward modeling of a given radioactivity distribution
(represented by c) to obtain an element qg; of the mean data q merely involves taking a pixel-by-pixel product of
one of these row images with the cimage and summing all values (ie, performing a scalar product). (Bottom row)
Three examples of a single column j of the system matrix (in forward modeling, to get mean data q from ¢, the
columns are weighted by each point source intensity [ie, each pixel value in the cimage] and summed to produce
the overall expected data q). A simple and approximate way of including an image-space resolution model
would be to convolve the row images, or for a simple detector-space resolution model, one could convolve
the column data. Note that the image values are not to scale and are for illustrative purposes only.

approximation of Equation 7 can be considered as
appropriate. Hence, the measured data m =
{m;...m;} are approximately regarded as propor-
tional to Equation 7 according to

+ o

KAiNi(m; — p; — 0;) = / f(s+x'a)dx (8)

—®

where A; is the attenuation correction factor for LOR
i (calculated by taking the exponential of a 3D x-ray
transform of the attenuation map or from the ratio
of blank to transmission scans); N; is the normaliza-
tion correction factor for LOR i; and p; and o; are
estimates of the randoms and scatter on the projec-
tions. The global scale factor K accounts for correc-
tions such as radioactive decay and detector dead
time. Equation 8 assumes that the positron-electron
annihilation event occurred exactly along the LOR

that joins the two detectors in detector pair i, thus ig-
noring photon acollinearity, positron range, and
parallax error.

The inversion of Equation 7 (ie, to find f, given p)
can be found through the central section theorem,
which relates the projection data p to the image f

. a central plane of the 3D Fourier transform
F(k) of the 3D true activity f(r) is equal to the 2D
Fourier transform P(k) of the 2D parallel projection
data at the same orientation u=(¢, §). Considering
the case of 2D reconstruction, the central section the-
orem corresponds to the 1D Fourier transform of
a 1D parallel projection being equal to a single line
through the 2D Fourier transform of f. It becomes ap-
parent that the 2D Fourier transform of f can be con-
structed by the superposition of these 1D Fourier
transforms (one from each projection angle), but
that this superposition of the many lines at many
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Fig. 4. A 2D parallel projection (2D PP), at orientation u=(¢, 0) where ¢ is the azimuthal angle and 6 is the co-
polar angle. The y'-z' plane (s = [y’ z]") holds the LORs, each characterized by a distance s from the center of the
FOV, and by an orientation u=(¢,6), along which the 3D radioactivity distribution f(r) is considered to be in-
tegrated. For 3D PET, the direct (6=0) 2D PPs are complete and sufficient to reconstruct f(r), but the oblique
(/6|>0) 2D PPs are truncated, due to the limited axial extent of 2D PET scanners. One of the sinograms from
Fig. 2 would be obtained by considering the case of 6 =0 and z' =0, leaving just y’ and ¢ as the two coordinates

for a single, direct sinogram.

angles will give rise to a 1/|r| density of contributions
to the 2D Fourier transform. The ramp filter is used
(equal simply to |r]) to compensate for the varying
contributions in the frequency domain. Rather
than performing a direct reconstruction by way of
the Fourier domain, it is often more straightforward
to filter the projections and then backproject them.

Various commonly used analytic reconstruction
methods are described in the literature [25,26], in-
cluding the simple backprojection method (which
results in a blurred version of the object distribution,
as was shown in Fig. 2) [27]; backprojection fol-
lowed by filtering (BPF) |28]; and filtered backpro-
jection (FBP)/convolution backprojection. The BPF
method usually relies on angle-limited backprojec-
tion of the list-mode or projection data to produce
a shift-invariant point response function (PRF) that
can then be deconvolved by Fourier methods.

In the particular case of 3D PET, because there is
sufficient information to reconstruct the 3D activity
distribution using only the direct projections
(ie, those resulting from LORs within the same de-
tector ring: 6 = 0), the oblique projections (|6|>0)
are redundant and are not required to reconstruct
the activity distribution. Given the count-limited

nature of the acquired data, however, using these
oblique projections has the potential to effectively
increase the sensitivity of the scanner and thus re-
duce the noise in the reconstructed image. When
the oblique projections are not truncated, they
can be reconstructed by FBP using the Colsher filter
[29]. This algorithm can be implemented as FBP or
BPF (the backprojection operation is 3D in both
cases). However, for real PET systems that have
a limited axial extent, the 3D reconstruction prob-
lem is complicated by the fact that all the oblique
(|6|>0) 2D projections are truncated (ie, they are
incompletely measured). One way to handle this
is by recognizing that the direct (6 = 0) projections
allow complete reconstruction of the activity distri-
bution. The activity distribution reconstructed from
these direct projections can then be reprojected to
obtain the missing portions of the oblique projec-
tions. In practice, as much as 40% of the total
reconstruction time can be spent in estimating
and then backprojecting the unmeasured projec-
tion data. The algorithm combining this forward
projection step with the Colsher filter is a 3D FBP
algorithm referred to as the 3D reprojection (3D
RP) method [30].
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An alternative exact approach to solve the prob-
lem of truncated 2D projections is the Fast Volume
Reconstruction (FAVOR) algorithm [31]|. FAVOR,
however, presents different noise propagation
properties compared with other approaches (ie, it
does not uniformly weight the data, unlike the
Colsher filter). With FAVOR, simple ramp filtering
can be used but at the expense of suboptimally
weighting the data, attributing a much greater
weight to the direct projections than to the oblique
ones.

Although 3D RP works well and has served as
a “gold standard” for 3D analytic reconstruction al-
gorithmes, it requires significant computational re-
sources (compared with, for example, a series of
2D FBP slice reconstructions). As a result, a number
of approximate methods have been proposed. Most
of the well-known approaches involve rebinning
the data from the oblique projections into 2D direct
sinogram data sets, thus allowing the use of 2D re-
construction techniques and resulting in a signifi-
cant decrease in computation time. These
algorithms rebin the 3D data into a stack of ordi-
nary 2D direct sinograms, and the image is
reconstructed in 2D slice by slice, for instance using
the standard 2D FBP or iterative algorithms. The
method used to rebin the data from the oblique
sinograms into the smaller 2D data sets is the cru-
cial step in any rebinning algorithm and has a signif-
icant influence on the resolution and noise in the
reconstructed image.

The simplest rebinning algorithm is single-slice
rebinning [32]. It is based on the simple approxi-
mation that an oblique LOR can be projected to
the direct plane halfway between the two end
points of the LOR. Hence, single-slice rebinning
assigns counts from an oblique LOR (in which
the detectors are on different axial PET detector
rings) to the sinogram of the transaxial slice lying
midway axially between the two rings. This approx-
imation is acceptable only near the central axis of
the scanner and for small apertures. For larger
apertures and for greater displacements from the
axis of the scanner, single-slice rebinning results
in position-dependent axial blurring.

Several alternative methods have been suggested
to provide more accurate rebinning. Lewitt and
colleagues [33| proposed a more refined rebinning
approach, the multislice rebinning algorithm, that
is more accurate than single-slice rebinning but suf-
fers from instabilities in the presence of noisy data.
The Fourier rebinning (FORE) algorithm is a more
sophisticated algorithm in which oblique rays are
binned to a transaxial slice using the frequency-
distance relationship [34]| of the data in Fourier
space [35]. Although rebinning can be done exactly
(using, for example, the FOREX or FOREPRO]

methods) [36], a considerable speed advantage is
gained through using the approximate FORE
approach. Another exact rebinning approach
referred to as FORE-] was proposed and is based
on the fact that the 3D x-ray transform of a function
is a solution to a second-order partial differential
equation (John's equation) [37]. FORE-] is easy to
implement, given that it has the same structure as
FORE with a small modification, although it in-
volves adding a small correction to each oblique
projection before rebinning. Matej and Kazantsev
[38] revived the interest for the direct inversion of
the 3D x-ray transform by proposing sophisticated
interpolation techniques in the Fourier domain,
provided that the oblique projection data are not
truncated. More recently, the approach derived by
Defrise was extended to derive a 3D exact rebinning
formula in Fourier space, leading to an iterative
reprojection algorithm (iterative FOREPROJ) that
allows estimation of unmeasured oblique projec-
tions using the whole set of measured projections
[39].

Iterative image reconstruction methods

The primary limitation of the analytic inversion
methods just described is their reliance on the
line-integral Equation 7 (ie, the 3D x-ray trans-
form), rather than the more general Equation 5. It-
erative methods not only accommodate more
complex (and hence realistic) models of the
acquired PET data but also easily allow the use of

nonorthogonal basis functions.

The system matrix and the parameters

Two of the fundamental components to an iterative
reconstruction algorithm are (1) the definition of
the parameters to estimate (usually a set of values
that provides a representation of the radiotracer
concentration, such as the vector ¢ in Equation
I, and (2) the definition of the system model A
(which describes the relation between the radio-
tracer distribution and the mean of the measured
data). Note that it is the mean of the measured
data that is normally modeled, and with iterative
algorithms, there is substantial flexibility in how
this mean is modeled and how it is parameterized.
Because the system model (mapping from the
parameters to the mean) is usually time invariant,
this case is considered here. The elements of the
system matrix (or the system model) A = {a;} .,
are defined by

a; = /sﬁ‘ (r)ey(r)dr (9)



Considering the previous Equations 1 and 5
along with Equation 9, the matrix-vector relation
q=Ac (10)
is obtained, which allows a mean data set q to be
“predicted” for any given set of parameters c (where
a set of parameters c represents a radioactivity distri-
bution). A mean data set q can never be observed in
practice but can be regarded as the average number
of counts that would theoretically be obtained in
each detector pair i by repeating precisely the
same PET scan (of a radioactivity concentration
specified by c) an infinite number of times.

It is perhaps helpful to visualize the contents of
the matrix A for a case in which the vector ¢ con-
tains the coefficients of voxels (ie, voxel values
such that c can be simply rearranged to form a 2D
or 3D image). In such a case, the rows of the matrix
A can be regarded as images, with values propor-
tional to the probability of a positron emission in
each of thej = 1...J voxels giving rise to an event be-
ing detected by detector pair (or LOR) i (see Fig. 3).
Hence, for the case of the x-ray transform (line inte-
grals), the probability image is simply an image of
a single line passing through the FOV (the line
could be found by any of the many ray-tracing
methods; eg, see Refs. [40-42]). If positron range
were to be included, then the line would need to
be broader; for example, by convolving the ray-
traced line with a positron-range kernel if the
approximation of shift-invariant blurring is made
(there are fast methods for achieving such ap-
proaches; eg, see Ref. [43]). If time-of-flight infor-
mation were to be included, then a Gaussian
function (with mean equal to the estimated annihi-
lation location and with variance linked to the tim-
ing resolution [44]) can be used to modulate the
values along the line. In general, for the most accu-
rate system modeling, essentially every element of
these probability images that make up the rows of A
would be nonzero. (If, for example, scatter were to
be included in the system model [7], then there is
still a finite probability that positron emissions
from voxels remote from the LOR i will result in
photons ultimately detected along i.)

In a similar manner, the columns of the matrix A
can be visualized as “data images” that show the en-
tire system response (ie, the mean data q) to a single
point source emitter. Thus, for the case of the 3D x-
ray transform, each column of A would be a set of
sinograms corresponding to the mean set of 3D si-
nograms that would be obtained from a point
source acquisition. Consequently, there is consider-
able impetus to design system matrices that more
accurately model the detection process within A,
through Monte Carlo simulation [45] or even
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from actual point source measurements |5|. (The
recent high-definition PET (HD-PET) [46] relies
on this kind of improved system modeling to de-
liver marked improvements in image quality.)

Objective functions

It is the vector ¢ (which represents the radioactivity
concentration, Equation 1) that needs to be
estimated from the noisy measured PET data m.
An iterative image reconstruction algorithm aims
to find a vector ¥, which produces a vector q* (by
way of the system matrix A) that matches in some
way with m (where the superscript k on c and q de-
notes an estimate number, usually corresponding to
an iteration number). Most algorithms seek to min-
imize a distance measure between the measured
data m and the vector q*, which can be specified
as a function of ¢*. This function is called the objec-
tive function. The two most widely used objective
functions in PET are least squares (LS) and maxi-
mum likelihood (ML). The LS objective concerns
finding the vector c*, which minimizes the follow-
ing function:

Ous () = D~ (mi — gi(c)’”

i=1

(11)

where, as previously specified in Equation 10,

J
qi (') =Y _ayq

j=1

(12)

The ML objective is based on a statistical model
of the noisy data vector m, and is therefore often
preferred in PET. The probability of obtaining
a measurement m; (ie, a number of counts m in de-
tector pair i) if the mean value was g/ (ie, if the vec-
tor of parameters was c*) is given by the Poisson
distribution:

pr(mfat) = @ expl

m;!

The value of g/ that maximizes this probability is
simply ¢ = m;. For a given c*, a whole set of g/
values is obtained (ie, the entire vector q*, by way
of Equation 10 or 12). The likelihood of obtaining
the vector m if the mean was q” is defined by the
product of these Poisson probabilities.

(o) =TT o

i=1 [

In order, to maximize Equation 14, each of the
terms in the product must individually be maxi-
mized. Therefore, the concept of the ML estimate
becomes evident: it corresponds to the choice of
c*, which gives a vector q* by way of Equation 10,
which gives a maximum value for the likelihood

(13)

(14)
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Equation 14. Note that if the measured data had
been direct measurements of the parameters of in-
terest (ie, if A was the unit matrix I), then the trivial
result of * = ¢* = m is obtained as the ML estimate.
It is only the introduction of a nontrivial A that cre-
ates the reconstruction problem. The logarithm of
Equation 14 is usually taken to simplify the mathe-
matics (but taking the logarithm will not alter the
location of the maximum of the function):

I I I
InPr (m qk> = Z m;Ing" — qu - Zlnmi! (15)
i=1 i=1 i=1

Equation 15 is called the log likelihood. Maxi-
mizing the log likelihood also corresponds to min-
imizing the Kullback-Leibler distance measure
between the noisy vector m and the estimate of
the mean g*. Many other objective functions exist
[20], but the main two encountered in PET are the
ML and the LS objectives as mentioned earlier. It
is also worth noting that if a Gaussian model of
the measured data statistics is used, then the ML ob-
jective corresponds to the LS objective.

Direct algorithms

Before exploring further the iterative methods that
achieve minimization or maximization of a particu-
lar objective function, it is worth noting the exis-
tence of direct methods for estimating the
coefficients vector c¢. To clarify the discussion, ¢
will be regarded as holding the values for pixel or
voxel basis functions such that any estimate € can
be interpreted directly as a 2D or 3D image. In
essence, a solution vector ¢’ to the set of linear
equations

m=Ac’ (16)

is sought, although for many reasons, no such solu-
tion vector ¢’ exists (eg, A is rarely square and m is
noisy). Singular value decomposition of A into
the three matrices UZV’, however, can allow a pseu-
doinverse for a direct LS estimate of c:

¢=vy'U'm (17)

where U and Vare orthogonal matrices and X is a di-
agonal matrix (holding the singular value spec-
trum). This approach has been successfully
demonstrated in 2D PET [47]; however, for 3D
PET, the size of A is typically of the order of 10° x
107 elements, which makes such an approach com-
putationally impractical at the present time [48]
(but worthy of consideration in the future). Alter-
natively, applying the transpose of matrix A to
both sides of Equation 16 results in

A'm =A"Ac (18)

where the overall matrix A’A is square, with col-
umns corresponding to the PRF for each possible
point source location, and A'm can be interpreted
as a backprojected image. Consequently, the
estimate

¢=(A"A) 'A"m (19)

can be found, which corresponds to the familiar
normal equations for LS fitting. The inverse of A’A
could be found by eigenvector decomposition:

(ATA) "' = (EDE") ' =ED'E’ (20)

where E is the orthogonal matrix of eigenvectors
and D is a diagonal matrix holding the eigenvalues.
As with singular value decomposition, the problem
is that A’A is a huge, nonsparse matrix (typically
>10'* elements), which does not allow straightfor-
ward computation of the eigenvectors. If, however,
the case of an angular constrained backprojection
along LORs is considered (as in the BPF method;
see the Analytic Image Reconstruction Methods
section), then ATA corresponds to a convolution
(ie, its columns contain shifted copies of the PRF
or kernel) and, hence, the matrix of eigenvectors
contains the Fourier basis functions, and the diag-
onal matrix D simply holds the modulation trans-
fer function (the Fourier transform of the PRF/
kernel) along its diagonal. This means that an LS
solution can be directly found by Fourier
methods:

¢=ED 'E'A'm (21)

Equation 21 corresponds to (1) backprojection of
the measured data (A'm); (2) Fourier transforming
the image (applying the transpose of the eigenvector
matrix E); (3) multiplying point by point in the
Fourier domain by the inverse of the transfer func-
tion (D™'); and finally, (4) inverse Fourier trans-
forming (applying E). Noise can be controlled by
modulating, truncating, or adding an offset to the
Fourier domain filter contained in the diagonal of
D

To summarize, A and A’A are huge matrices that
do not readily lend themselves to pseudoinversion
methods, and Fourier domain methods can be
applied only when the columns of A’A correspond
to shifted copies of the same PRF (ie, a convolu-
tion). Therefore, although such direct approaches
would be desirable (to avoid issues of conver-
gence), they pose a significant computational chal-
lenge. Iterative techniques, on the other hand, often
only need row or column access of A and often
avoid explicit storage of the matrix A through on-
the-fly calculation, through factorization of A into
manageable components (see later discussion), or
both.



Iterative algorithms

Most iterative reconstruction algorithms in PET rely
on finding the gradient of the objective function,
which is a basic principle of optimization. For
example, if the objective function were quadratic,
then the gradient would be linear. Any estimate of
the location of the maximum (or minimum) of
the objective function could then be improved by
simply adding the value of the gradient at the
current location. A key question is how much of
the gradient to add on (known as the step size).
Hence, the basic form of an iterative reconstruction
algorithm is often

00(c")
ck

]

CJ]?-F] =C]k+Ak

(22)
where ¥ is the step size. For the case of ¢ corre-
sponding to voxel values, the gradient can be re-
garded as an image. For the log-likelihood
objective, the gradient image is given by differenti-
ating Equation 15:

ad N !
—O0() = a——) a;
(€)= 2 g2

Equation 23 is just a backprojection of what can
be considered as correction factors for each i (the
m;/q;* ratio, which indicates whether the current es-
timate g* of the mean of the data is above or below
the noisy data m) minus the sensitivity image
(Zle a;j). The sensitivity image corresponds to the
backprojection of every possible system LOR; that
is, the summation of all the “images” that make up
all the rows of the matrix A. Referring again to
Fig. 4, for the line-integral model, it would mean
adding together every possible line through the
FOV. There is effectively a choice in how much of
this gradient image to add to obtain the next
estimate of c. If a step size of

(23)

ct

k ]
A= -
> aj

i=1

(24)

is chosen and substituted into Equation 22 along
with Equation 23 to obtain

k I I
C! m;:
ktl = kg T i ;
¢ =Gt (Za”qk Za,]>
Z aij i=1 1 i=1

i=1

(25)

then the well known expectation maximization
(EM) algorithm is obtained [49,50]:

k
5

I m
I § :aiJ’?
2 a4y =t T

i=1

C]l_/z+1 = (26)
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In matrix-vector form, this can be written as

k
w1 € 4gm

C
ATl q*

(27)

where 1 is a vector with all elements set to one, and
element-by-element vector multiplication and divi-
sion is assumed for simplicity of notation, but
where matrix-vector multiplication remains con-
ventional (eg, see Ref. [51]). The notation of Equa-
tion 27 becomes useful when data corrections and
decomposition of the system matrix are used (see
the Decomposition of the System Matrix, Including
Attenuation, Normalization, Scatter, and Randoms
section) to prevent excess writing of summations
and subscripts. Hence, the core iterative process of
the EM algorithm of Equation 26 involves (1) for-
ward projection of the current estimate (q* = Ac")
to model the mean; (2) taking the ratio of the mea-
sured data to this mean (m/q*); (3) backprojecting
this ratio [AT(m/q*)] to form a multiplicative correc-
tion image; and (4) multiplying the correction im-
age by the current estimate of ¢* to obtain the new
estimate c**1. It is also necessary to normalize for
the number of contributions to the correction im-
age, hence the division by AT1, which represents
the backprojection of every possible LOR (ie, the su-
perposition of every row of the system matrix A, as
previously mentioned, to obtain the sensitivity
image).

Variants on Equation 26 include over-relaxation
[52-54] and methods that perform a line search
(a 1D optimization of A to find the step size that
maximizes the log likelihood). This latter approach
corresponds to the steepest ascent algorithm [55].
Another important modification is to divide the
data vector m into L subsets S;...S;, whereby from
the L subsets of the vector m, L updates of the esti-
mate of ¢ can be performed:

k.l
¢’ m;
Ck’H’l = ] !

i DL
> aijies,

(28)
a'
i€$§;

This modification leads to a much more compu-
tationally efficient update because the amount of
processing per update is approximately a factor
L smaller. This block-iterative version of the EM
algorithm is referred to as “ordered subsets” EM
(OSEM) [56]. The problem with OSEM is that con-
vergence to an ML estimate is in general lost, and
instead, a limit cycle corresponding to the number
of subsets is encountered. This loss of convergence
can be overcome through consideration of previ-
ous corrective images in each update [57] or
through the use of a relaxation parameter A* as
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is done in the row-action ML algorithm (RAMLA)
[58,59]:

C;el+1 _C}el+Ak J Zaﬂ
> a4

i€§;

Za,-]) (29)

i€S; ql i€S;

This algorithm is simply Equation 25 but with the
use of subsets and relaxation. Another interesting
example is to combine over-relaxation with subsets
(such as the high-over-relaxation single-projection
method [60]).

Turning now to the gradient of the LS objective,

ai' Ops(c 2Zaq<m, d(c )) (30)

J i=1

it can be seen that algorithms such as the algebraic
reconstruction technique [61]| use a form of this
gradient:

k.l
CJ;;,ZH _ C]k’l+/1kaij(mi - %2) (31)
Xj:(%‘)

This algorithm is equivalent to taking each LOR i
as a subset of the vector m for each update and us-
ing the gradient of the LS objective with a relaxed
step size.

Faster gradient methods include the precondi-
tioned conjugate gradient method, which usually
takes the form of the following steps for PET
[20,55,62,63]. First, a modified gradient image is
obtained by multiplication of the current gradient
image vector g* by a preconditioning matrix C:

d"=Clgt (32)

where the preconditioning matrix is normally taken
to be diagonal, with elements inspired by the step
size of the gradient used in the EM algorithm (the
step size given in Equation 24), such as

=diag{(c]’?+6>/2a,j} (33)

where 0 is a small constant. Another step size is then
found through

_(gr—g)'d*

ﬁ gk 1Tdk 1

(34)

which is used for the updating step of a vector a de-
fined by

at =dt 48 1ak ! (35)

which is finally used to update the vector of param-
eters to be estimated:

= akat (36)

Equation 36 then requires a 1D optimization to
find the o that maximizes the objective function;
this is nontrivial for the ML case and, often,
a Newton-Raphson method (with a positivity con-
straint) is employed. More recently, even faster
gradient techniques using subsets have been
devised [64].

Updating methods

Itis unfortunate that the choice of algorithm is often
dictated by the type of data to reconstruct from: list-
mode data or projection data. For list-mode data,
a so-called RAMLA (such as EM and its variants
OSEM and row-action ML algorithm) is often essen-
tial for practical reasons. A row-action method is one
that accesses the rows of the system matrix one at
a time, which corresponds directly to accessing indi-
vidual events in the list-mode data. Furthermore, for
list-mode data, it is impractical to consider algo-
rithms that require every possible LOR to be ac-
cessed for each update [65]. As a result, methods
such as ART (Equation 31) are impractical for list-
mode data because the zero values in the vector m
need to be accounted for in each update. Likewise,
column-based (ie, voxel-based) methods are
impractical for list-mode data because the entirety
of the randomly ordered list-mode file needs to be
considered for each voxel update. For projection
data, the choice of a column-based algorithm,
whereby a whole column of the system matrix is
required for a single update of a voxel, is practical.
Examples of column-based algorithms include
space-alternating generalized EM [66], iterative
coordinate ascent, grouped-coordinate ascent, and
successive over-relaxation [67] and related methods.
As stated, these approaches can be readily imple-
mented for projection data but tend to be
impractical for list-mode data.

Regularization

A key problem often encountered in iterative recon-
struction is the ill conditioning of the inverse prob-
lem such that a trivial perturbation in the measured
data m gives rise to a nontrivial perturbation in the
image estimate. This issue can be understood
through consideration of the singular value spec-
trum of the matrix A (or in simpler terms, the mod-
ulation transfer function for the diagonalization of
AA in the very special case in which this is a convo-
lution matrix). The values in the spectrum decay, in-
dicating the decreasing efficiency with which the
various singular vector components of the image
are measured by the PET scanner. Any algorithm
that progresses toward effectively achieving any
type of inversion of A will be performing the equiv-
alent of inverting the decaying spectrum of singular
values (or inverting the transfer function in the



special case of Fourier), and division by the increas-
ingly small values in the singular value spectrum can
cause significant noise amplification. Hence, regula-
rization methods such as postsmoothing, early ter-
mination of the iterative process, or bayesian
priors (used to modify the ML objective to a maxi-
mum a posteriori [MAP] objective) are often used
to counteract this. Of these possibilities, early termi-
nation of the iterative process is by far the most pop-
ular choice, but this can lead to problems (if
quantification is essential) because spatially variant
and object-dependent convergence occurs with
nonlinear updating algorithms such as EM. MAP
methods or postsmoothing (after reaching conver-
gence) can counteract these problems. Qi and Leahy
|20] provide a good review of MAP regularization. A
significant amount of prior information on image
smoothness, however, can be accounted for in the
modeling of the mean of the data—that is, a choice
of spatial basis function that is no longer a voxel but
rather a smooth function (such as spherically sym-
metric basis functions; for example, “blobs”
[12,68], or even a cluster of voxels [69]).

Decomposition of the system matrix,
including attenuation, normalization,
scatter, and randoms

As previously mentioned, the system matrix A for
3D PET can be prohibitively large. To make the
matrix manageable, on-the-fly calculation can be
performed (ie, the system matrix elements are cal-
culated as and when they are required) or symmetry
and compression techniques can be exploited (eg,
see Refs. [70,71]). A popular approach is to decom-
pose the matrix A into components that are individ-
ually easy to calculate or easy to store (eg, see Refs.
[72,73]). An example of this approach would be

A =NDLXH (37)

where X is a geometric projection matrix (eg, this
could perform line-integrals such that each row of
X can be interpreted as an image of a line through
the FOV); where H models image space resolution
(eg, positron range); D models resolution effects in
the detector space; L is a diagonal matrix accounting
for attenuation along each LOR; and N is a diagonal
matrix giving the inverse of the normalization cor-
rection factor for each LOR. Specific examples
include using a convolution operation for H
(whereby the columns of the matrix contain shifted
copies of the resolution kernel), a ray tracing algo-
rithm (such as the Siddon method [41] or that of
Joseph [40]) for X, and a convolution matrix for
D. Note that the matrix X can be modified to
account for time-of-flight information, through
replacement of the implicit uniform weighting
along each line by a Gaussian probability density,
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with a mean and variance corresponding to the pho-
ton pair detection time difference and the timing
resolution (see Fig. 3). The advantage of the decom-
position of the form shown in Equation 37 is that
each matrix can be stored (in the case of the diagonal
matrices N and L and possibly X if symmetry is ex-
ploited) or easily calculated on the fly (in the case
of D, X, and H). Inclusion of scatter and randoms
is normally done in an additive way such that the
mean of the data is modeled by

q =NDLXHc+s+r (38)

where s and r are estimates of the mean of the scat-
ter and randoms, respectively, in the measurement
space. Scatter could be included in the matrix
[7,71], which is strictly the correct way to handle
scatter [74,75] (because s is normally not known
without a first estimate of the true activity distribu-
tion). Using the model of Equation 38, the EM al-
gorithm of Equation 27 becomes

k
R+l ¢

C = T T T T T T
H'X'L'D'N"1

m
NDLXHck+s+r
(39)

HTXT LTDTNT

Equation 39 handles factors such as attenuation
and scatter by means of modeling (rather than by
explicit corrections such as subtraction of the scat-
ter) and, as such, the statistical form of the data vec-
tor m is preserved as Poisson. Hence, an algorithm
such as Equation 39 is often referred to as an “ordi-
nary Poisson” version of the EM algorithm. There
are important advantages to such an approach; for
example, the attenuation is included as a forward
modeling step rather than as a precorrection (as
was done for Equation 8), which more optimally
weights the acquired data (hence the name “attenu-
ation weighted” OSEM [76]).

Patient motion can also be included through
a system modeling approach (eg, using the Polaris
system to supply a feed of movement information
synchronized with the acquired PET data) [77].

Four-dimensional methods

4D image reconstruction methods aim to more
optimally use the acquired PET data to reconstruct
a time series of images or even to directly estimate
the kinetic/functional parameters of interest. There
are two basic approaches: (1) estimation of coeffi-
cients for temporally extensive basis functions to
include the time dimension in the reconstruction
and (2) estimation of the time-dependent func-
tional parameters (eg, blood flow) directly from
the data. The motivation behind both approaches
is to avoid the independent time-frame reconstruc-
tions used for conventional dynamic PET, which are
characterized by relatively poor signal-to-noise
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ratio arising from the very limited number of
counts available for each time frame.
Reconstruction of independent time frames
ignores temporal correlations, whereas the use of
temporally extensive basis functions allows each
time point in the time series reconstruction to
draw from more, if not all, of the acquired data.
Examples of these types of method include Nichols
| 78], who used spline temporal basis functions; Mat-
thews [79], who used singular value decomposition
to derive a set of basis functions; Reader |69 |, who es-
timated the temporal basis functions from the data
during reconstruction; and Verhaeghe [80], who
considered five-dimensional basis functions (the
further dimension coming from gating the data).
The principle of such methods when applied to
time-dependent PET data m can be represented by

Ck
B'A1

Ty M
"ABc*+b

Ck+1 —

(40)

where the system matrix A, often assumed to be
time independent, holds t = 1...T copies of the
time-independent matrix A previously considered
(see The System Matrix and the Parameters section);
the matrix B holds the temporal basis functions;
and b holds the time-dependent estimates of the
scatter and randoms. An example result from this
kind of algorithm is shown in Fig. 5.

There is also an increasing move toward task-
oriented image reconstruction such that the final
purpose of the images is accounted for within the
reconstruction process (eg, to deliver higher resolu-
tion and better quality images suited to the task
(Fig. 6) or to directly estimate the kinetic parame-
ters of interest). One specific example is for the

case of ['®F]fluorodeoxyglucose (FDG), whereby
images of the metabolic rate of glucose are sought,
rather than images of the time course of FDG con-
centration in tissue. The work of Kamasak [17] is
a good example of this, which estimated the kinetic
parameters for the two-tissue compartment model
at each voxel by using a parametric iterative coordi-
nate descent algorithm (each voxel’'s parameter set
is updated to maximize the likelihood). Such
approaches are based on the original idea of Carson
(the EM parametric image reconstruction algo-
rithm) [81]; methods that extend this approach
further (eg, to include estimation of the input func-
tion) have followed [82]. Another recent approach
is that of Fu and colleagues |[18|, whereby the
parameters of a Patlak plot [83] (a plot normally
performed as a postreconstruction analysis to deter-
mine the irreversible radiotracer uptake) are esti-
mated directly within a preconditioned conjugate
gradient reconstruction.

Summary

Image reconstruction for PET has progressed from
the use of FBP algorithms based on analytic inver-
sion formulae (reliant on a simple line-integral
model) to the use of iterative algorithms that allow
more accurate modeling of the PET data (in terms
of the acquisition process and the statistical noise).
[terative methods (which are often terminated
before convergence and often use a positivity con-
straint) usually deliver visually improved image
quality that perhaps cannot be matched by direct
methods, even when they use the same system
model (eg, pseudoinversion by singular value

Fig. 5. Impact of 4D reconstruction methodology for one 5-minute frame of a 60-minute [''C]flumazenil study
using the HRRT. (Left) Sagittal slice, reconstructed using an EM algorithm based only on the line-integral model
(ie, A = X). (Middle) The same slice reconstructed with list-mode EM including a resolution model with the line-
integral model (ie, A = XH). (Right) The same slice reconstructed using a 4D method that is able to benefit from
all 60 minutes of data without compromising temporal resolution (although it is dependent on the type of tem-
poral basis functions chosen or estimated). (The raw HRRT PET data are courtesy of CEA-Service Hospitalier Fréd-

éric Joliot, Michel Bottlaender, Orsay, France.)



decomposition). It is well known, however, that
nonlinear algorithms such as EM demonstrate
spatially variant and object-dependent convergence
properties, and any reconstruction based on early
termination of the iterative process must be used
with caution. The final purpose of the images needs
to be carefully considered when selecting a recon-
struction algorithm and its associated parameters
(iterations, regularization, and so forth). If the
purpose of the PET images is to determine whether
tumors are present (lesion detection), then incom-
pletely converged EM images may serve well in this
role. On the other hand, if quantitative measures of
blood flow or receptor density were needed, then
a converged reconstruction (or even an FBP recon-
struction) would be more appropriate.

There is still further scope for progress in PET
image reconstruction, which can perhaps be
summarized by the following three points:

1. Hardware developments mean that the acquired
PET data vector m is increasingly rich in infor-
mation and can now include high-precision
measurements of photon detection positions,
timing, photon arrival time differences (time of
flight), and photon energy. In addition, mea-
surements of patient movement and respiratory
and cardiac gating information are increasingly
available as parallel streams of information
[77]. To use these data in their richest form
would suggest the need for list-mode data stor-
age and reconstruction, rather than binning of
data into projections (which can sometimes
impose a level of sampling that compromises
the original measurement information).

2. Improved accuracy in the definition of the prob-
abilistic system transfer matrix A is needed. This
may involve accurate Monte Carlo modeling of
the positron emission, photon emission, trans-
port and detection processes [45|, with the
modeling making use of CT or MR images for
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Fig. 6. Comparison of max-

imum-intensity projections

of an F 18 skeletal rat scan

generated using analytic
3D RP (3D reprojection) recon-
struction and iterative list-
mode EM reconstruction.
The iterative EM method
benefits from improved
modeling of the acquired
PET data, which signifi-
cantly improves image
quality.

List-mode EM

anatomic information. The photon interactions
need to be considered not only in the individual
patient but also for the detection hardware.
Ideally, there needs to be a comprehensive prob-
abilistic mapping relating the radioactivity dis-
tribution to each possible list-mode event.

3. More careful definition of the parameters to be

estimated is needed. Are images of radiotracer
concentration required or should images of
blood flow, receptor density, or metabolic rates
be directly estimated from the raw PET data?
There is no reason why PET reconstruction
cannot be tailored to address specific clinical
research questions through direct estimation of
the pertinent parameters of interest.
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